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LIFTINGS OF NICHOLS ALGEBRAS OF DIAGONAL TYPE
II. ALL LIFTINGS ARE COCYCLE DEFORMATIONS
IVÁN ANGIONO; AGUSTÍN GARCÍA IGLESIAS
Abstract. We classify finite-dimensional pointed Hopf algebras with
abelian coradical, up to isomorphism, and show that they are cocycle
deformations of the associated graded Hopf algebra.
More generally, for any braided vector space of diagonal type V with
a principal realization in the category of Yetter-Drinfeld modules of a
cosemisimple Hopf algebra H and such that the Nichols algebra B(V ) is
finite-dimensional, thus presented by a finite set G of relations, we define
a family of Hopf algebras u(λ), λ ∈ kG , which are cocycle deformations
of B(V )#H and such that gr u(λ) ≃ B(V )#H .
1. Introduction
The program for the classification of finite-dimensional pointed Hopf al-
gebra with abelian coradical kΓ was initiated by N. Andruskiewitsch and
H.J. Schneider in [AS1], where they proposed a lifting method to deal with
this problem. The method proved to be very fruitful as they completed the
classification in the case when |Γ| was not divisible by small primes in [AS3].
In [AAG], we proposed a strategy to compute all liftings of braided vector
spaces of diagonal type V ∈ HHYD, that is all Hopf algebras u such that
gr u = B(V )#H. This is a large class of Hopf algebras, which includes
f.d. pointed Hopf algebras with abelian coradical. In this article we show that
this algorithm is exhaustive. Our method recovers the examples in [AS3] and
completes the classification, as it becomes independent of Γ and holds more
generally for any coradical H. Moreover, it also applies for Nichols algebras
of infinite dimension which are finitely presented.
A remarkable feature of this method is that all liftings are constructed as
cocycle deformations of u0 = B(V )#H. This has important implications on
the study of tensor categories and more general Hopf algebras. On the one
hand, it is equivalent to the fact that the categories of comodules of u and u0
are tensor equivalent; in the finite-dimensional case this equivalence extends
to the categories of Yetter-Drinfeld modules uuYD and
u0
u0
YD. This permits
the construction of new examples of finite-dimensional Nichols algebras over
the basic Hopf algebra u∗ [AA2], and a fortiori of new Hopf algebras by
bosonization with u∗.
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We fix
◦ A cosemisimple Hopf algebra H.
◦ A f.d. braided vector space of diagonal type (V, c) with a principal realiza-
tion in HHYD and such that dimB(V ) <∞.
Let G ⊂ T (V ) be a (minimal) set of relations defining B(V ). We produce,
for each family λ = (λr)r∈G of scalars in a subset R ⊂ k
G,
• a Hopf algebra u(λ) such that
gr u(λ) ≃ B(V )#H.
that is, a lifting of V . Moreover, u(λ) is a cocycle deformation ofB(V )#H.
Our main result is the following:
Theorem 1.1. Let H be a cosemisimple Hopf algebra and let (V, c) be a
braided vector space of diagonal type such that dimB(V ) < ∞. Let L be
a Hopf algebra with coradical L0 ≃ H and infinitesimal braiding given by a
principal realization V ∈ HHYD. Then
(1) There is λ ∈ R such that L ≃ u(λ).
(2) L is a cocycle deformation of B(V )#H.
See §1.1 below for the definition of the algebras u(λ) and §1.2 for comments
on the proof of this result. See also Theorem 5.3 for the description of the
isomorphism classes.
Proof. Let π : grL ։ L0 ≃ H be the canonical projection. Then R =
(grL)co π is a coradically graded Hopf algebra in HHYD and grL = R#H. By
[A1, Theorem 2], R = B(V ). The result now follows by Theorem 3.10. 
When H is the group algebra of a finite abelian group Γ, Theorem 1.1 is
equivalent to the following.
Corollary 1.2. Let A be a finite-dimensional pointed Hopf algebra with
abelian coradical. Then A is a cocycle deformation of grA and there is
λ ∈ R such that A ≃ u(λ). 
1.1. Definition of u(λ). Set θ = dimV . In this setting there exist
gi ∈ G(H), χi ∈ Alg(H,k), 1 ≤ i ≤ θ,
such that Γ := 〈g1, . . . , gθ〉 < Z(G(H)) and there is a linear basis {x1, . . . , xθ}
of V so that xi ∈ V
χi
gi = Vgi ∩ V
χi , 1 ≤ i ≤ θ, cf. (2.1). Moreover, we may
assume that G is composed of Zθ-homogeneous elements, so that if r ∈ G is
of degree (a1, . . . , aθ) ∈ Z
θ, then r ∈ T (V )χrgr , where
gr := g
a1
1 . . . g
aθ
θ ∈ Γ, χr := χ
a1
1 . . . χ
aθ
θ ∈ Alg(H,k).(1.1)
For each λ = (λr)r∈G in the set
R := {λ = (λr)r∈G ∈ k
G : λr = 0 if χr 6= ǫ or gr = 1},(1.2)
we define a Hopf algebra u(λ) recursively as follows:
ALL LIFTINGS ARE COCYCLE DEFORMATIONS 3
• We fix a stratification G = G0 ⊔ · · · ⊔Gℓ of the set of relations of B(V ) in
such a way that Gk+1 is a set of primitive elements of
Bk+1 := T (V )/〈G0 ∪ · · · ∪ Gk〉.
• We set E0(λ) = T (V ) and proceed stepwise by defining an algebra
Ek+1(λ) := Ek(λ)/〈γk(r)− λr|r ∈ Gk+1〉.
In this setting, Ak(λ) = Ek(λ)#H is a right Bk#H-cleft object and γk :
Bk#H → Ak(λ) is a section.
• We set u0(λ) = T (V )#H and proceed stepwise by defining an algebra
uk+1(λ) := uk(λ)/〈r˜ − λr(1− gr)|r ∈ Gk+1〉
in such a way that Ak(λ) becomes a left uk(λ)-cleft object and r˜ ∈ uk(λ) is
defined so that the coaction satisfies γk(r)(−1)⊗γk(r)(0) = r˜⊗1+gr⊗γk(r).
Thus,
u(λ) := T (V )#H/〈r˜ − λr(1− gr)|r ∈ Gk〉0≤k≤ℓ.(1.3)
The explicit presentation of the algebras u(λ) is a hard computational
problem. When the braiding is of Cartan type A, a complete description
was achieved in [AAG] and the Cartan type G2 was completed in [JG].
1.2. On the proof. The proof of our main theorem relies on the fact that
we are able to show that, for each braiding matrix q, a given algebra E˜q(λ)
is nonzero. This is a technical condition pointed in our previous work [AAG]
as an obstruction to prove that the list of algebras u(λ) was exhaustive.
This is achieved in Theorem 3.2, whose proof takes over more than 50
pages in the Appendix, as it is a case-by-case analysis of a series of algebras
associated to each generalized Dynkin diagram in the classification of matri-
ces q, in terms of Dynkin diagrams, from [H]. Each example is preceded by
the corresponding Dynkin diagram.
Although being tedious and of considerable length (relative to the main
body of the paper), we decided to include the full proof here, as there is
no general argument underlying it, and each example is analyzed with a
subtle combination of different ad-hoc techniques, which are developed in
the present article.
1.3. Organization. In Section 2 we review some general Hopf-related con-
cepts and the generic setup for the strategy in [A+]. In §3 we present a
series of lemmas which set the ground to prove our key Theorem 3.2, from
which Theorem 1.1 follows. As stated, the proof of Theorem 3.2 is completed
in the Appendix. In §4 we show that the non-connected diagrams can be
easily understood from the connected case. Finally, in Section 5 we study
the isomorphism classes of the algebras u(λ) from the classification.
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2. Preliminaries
We work over an algebraically closed field of characteristic zero k. If A is
a k-algebra and S ⊆ A is a set, then we denote by 〈S〉 the ideal generated
by S in A. We denote by Alg(A,k) the set of algebra maps A → k. We
write GN for the group of Nth roots of 1 in k, and G
′
N ⊂ GN for the subset
of primitive roots.
If Γ is an abelian group, then we denote by Γ̂ the group of characters of
Γ. If n ∈ N, then we set In := {1, . . . , n}, I
◦
n := {0, 1, . . . , n}. If G is a group
and S ⊆ G is a subset, then 〈S〉 shall denote the subgroup generated by S.
If H is a Hopf algebra, then we denote by (Hn)n≥0 the coradical filtration
of H and set grH = ⊕n≥0Hn/Hn−1 the associated graded coalgebra; here
H−1 := 0. We denote by P(H) the subspace of primitive elements in H. If
H ′ is another Hopf algebra, then Isom(H,H ′) denotes the set of Hopf algebra
isomorphisms H → H ′.
We say that H ′ is a cocycle deformation of H if there a is a Hopf cocycle
σ : H ⊗H → k in such a way that H ′ ≃ Hσ, the Hopf algebra obtained by
deforming the multiplication of H. We recall that this is equivalent to the
existence of a (H,H ′)-bicleft object A. This is the approach we follow in the
series. See [S] for details.
We write HM for the category of H-modules; an H-module algebra is
thus an algebra in HM. In turn,
H
HYD stands for the category of Yetter-
Drinfeld modules over H; this is a braided tensor category. Given V ∈ HHYD,
g ∈ G(H) and χ ∈ Alg(H,k), then we set
Vg := {x ∈ V |δ(x) = g ⊗ x}, V
χ := {x ∈ V |h · x = χ(h)x, h ∈ H}.(2.1)
If V ∈ HHYD, then we denote byB(V ) the Nichols algebra of V : This is the
quotient B(V ) = T (V )/J (V ) where J (V ) is the maximal graded Hopf ideal
generated by homogeneous elements of degree ≥ 2. In particular, it inherits
a graduation B(V ) = ⊕n≥0B
n(V ) with B0(V ) = k and B1(V ) = V . We
recall that it only depends on the underlying braided vector space (V, cV,V );
see [AS3] and references therein for details.
A lifting of V ∈ HHYD is a Hopf algebra L such that grL ≃ B(V )#H. A
lifting map is a Hopf algebra projection φ : T (V )#H ։ L such that
φ|H = idH and φ|V#H : V#H
≃
−→ P1 as Hopf bimodules over H,(2.2)
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where P1 = L1∩ kerΠ and Π : L։ H is a H-bimodule coalgebra projection
such that Π|H = idH , see [AV, §2.5] for details.
2.1. Diagonal braidings. Let (V, c) be a braided vector space. We set
θ = dimV , I = Iθ. Assume that V is of diagonal type, with braiding matrix
q = (qij)i,j∈I; i.e. there is a basis {x1, . . . , xθ} such that c = c
q satisfies:
cq(xi ⊗ xj) = qijxj ⊗ xi, i, j ∈ I.
We shall denote by Bq the Nichols algebra associated to (V, c
q).
2.1.1. There is a (generalized) Dynkin diagram D attached to the braiding
matrix q [H]. This is a graph whose set of vertices is I and there is an edge
connecting i 6= j ∈ I if and only if q˜ij := qijqji 6= 1. It is decorated with a
label qii on each vertex i ∈ I and a label q˜ij on the edge between i and j.
Let D =
⊔m
i=1Di be the decomposition of D intom connected components,
m ∈ N. Given two vertices i, j ∈ I of D, then we write i ∼ j if they belong
to the same connected component and i 6∼ j otherwise. If V =
⊕m
i=1 Vi is
the corresponding decomposition of V into braided subspaces Vi, associated
to the connected diagram Di, i ∈ Im, then we refer to each Vi, i ∈ Im, as a
(connected) component of V .
We shall say that the matrix q is connected when the corresponding
Dynkin diagram is so.
In [H], Heckenberger classified all connected matrices q such that the
Nichols algebra Bq is finite-dimensional
1. A list of the corresponding Dynkin
diagrams can be found in loc.cit. We shall make explicit use of many of the
diagrams of this list, and hence they will appear in the case-by-case analysis
in the Appendix. We choose not to reproduce the complete list here, as our
computations rely on connected subdiagrams of small rank.
2.1.2. We fix q a (connected) braiding matrix of the lists in [H], (V, c) the
associated braided vector space of diagonal type and (xi)i∈I a basis of V such
that c(xi ⊗ xj) = qijxj ⊗ xi.
Next we give a presentation for the Nichols algebra Bq. We recall that
Bq is a quotient of T (V ) by a Z
I-homogeneous ideal J (V ), where the degree
on T (V ) is determined by degxi = αi, (αi)i∈I the canonical basis of Z
I.
Following [AA2] we introduce more notation needed to describe the relations:
• By abuse of notation q also denotes the Z-bilinear form ZI×ZI → k× such
that qαi,αj = qij , i, j ∈ I.
• Given x, y ∈ T (V ) homogeneous of degrees α, β ∈ ZI, the braided commu-
tator is defined by [x, y]c = xy − qα,βyx.
• In particular, given i ∈ I, y ∈ T (V ), we denote (adc xi)y := [xi, y]c.
• To short the notation, we define recursively
xij = (adc xi)xj , xi i1...xk = (adc xi)xi1...xk , i, j, i1, . . . ik ∈ I.
1More generally, [H] contains the classification of all matrices q with finite root system.
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• The Nichols algebra Bq admits a PBW basis whose generators are Z
I-
homogeneous. The set ∆q+ of degrees of the PBW generators is unique
(under some mild conditions, cf. [AA2] and the references therein), and is
known as the set of positive roots of Bq.
• Let aqij := −max{n ∈ N0 : αj + nαi ∈ ∆
q
+}, i 6= j ∈ I. We say that i ∈ I
is a Cartan vertex if q˜ij = q
a
q
ij
ii for all j 6= i.
• There exists a groupoid (called the Weyl groupoid, see the precise defini-
tion in [AA2]) acting on the set of roots ∆q = ∆q+ ∪ (−∆
q). We say that
α ∈ ∆q is a Cartan root if it is the image of αi for some Cartan root i ∈ I.
The set of all (positive) Cartan roots is denoted by Oq.
Theorem 2.1. [A1] Bq is the quotient of T (V ) by the relations:
xNαα , α ∈ O
q;
(adc xi)
1−aqijxj , q
1−aqij
ii 6= 1;
xNii , i is not a Cartan vertex;
◦ for i, j ∈ I such that qii = q˜ij = qjj = −1, and there exists k 6= i, j such
that q˜ik
2 6= 1 or q˜jk
2 6= 1,
x2ij ;
◦ for i, j, k ∈ I such that qjj = −1, q˜ik = q˜ij q˜kj = 1, q˜ij 6= −1,
[xijk, xj]c ;
◦ for i, j ∈ I such that qjj = −1, qiiq˜ij ∈ G6, q˜ij 6= −1, and either qii ∈ G3
or else aqij ≤ −3,
[xiij, xij ]c ;
◦ for i, j, k ∈ I such that qii = ±q˜ij ∈ G3, q˜ik = 1, and either −qjj =
q˜ij q˜jk = 1 or else q
−1
jj = q˜ij = q˜jk 6= −1,
[xiijk, xij]c ;
◦ for i, j, k ∈ I such that q˜ik, q˜ij , q˜jk 6= 1,
xijk −
1− q˜jk
qkj(1− q˜ik)
[xik, xj ]c − qij(1− q˜jk) xjxik;
◦ for i, j, k ∈ I such that one of the following situations hold
(1) qii = qjj = −1, q˜ij
2 = q˜jk
−1, q˜ik = 1,
(2) q˜ij = qjj = −1, qii = −q˜jk
2 ∈ G3, q˜ik = 1,
(3) qkk = q˜jk = qjj = −1, qii = −q˜ij ∈ G3, q˜ik = 1,
(4) qjj = −1, q˜ij = q
−2
ii , q˜jk = −q
−3
ii , q˜ik = 1,
(5) qii = qjj = qkk = −1, ±q˜ij = q˜jk ∈ G3, q˜ik = 1,[
[xij , xijk]c , xj
]
c
;
◦ for i, j, k ∈ I such that qii = qjj = −1, q˜ij
3 = q˜jk
−1, q˜ik = 1,[[
xij , [xij , xijk]c
]
c
, xj
]
c
;
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◦ for i, j, k ∈ I such that qjj = q˜ij
2 = q˜jk ∈ G3, q˜ik = 1,[
[xijk, xj ]c xj
]
c
;
◦ for i, j, k ∈ I such that qkk = qjj = q˜ij
−1 = q˜jk
−1 ∈ G9, q˜ik = 1, qii = q
6
kk[
[xiij , xiijk]c , xij
]
c
;
◦ for i, j, k ∈ I such that qii = q˜ij
−1 ∈ G9, qjj = q˜jk
−1 = q5ii, q˜ik = 1,
qkk = q
6
ii
[[xijk, xj ]c , xk]c − (1 + q˜jk)
−1qjk
[
[xijk, xk]c , xj
]
c
;
◦ for i, j, k ∈ I such that qjj = q˜ij
3 = q˜jk ∈ G4, q˜ik = 1,[[
[xijk, xj ]c , xj
]
c
, xj
]
c
;
◦ for i, j, k ∈ I such that qii = q˜ij = −1, qjj = q˜jk
−1 6= −1, q˜ik = 1,
[xij , xijk]c ;
◦ for i, j, k ∈ I such that qii = qkk = −1, q˜ik = 1, q˜ij ∈ G3, qjj = −q˜jk =
±q˜ij,
[xi, xjjk]c − (1 + q
2
jj)q
−1
kj [xijk, xj ]c − (1 + q
2
jj)(1 + qjj)qijxjxijk;
◦ for i, j, k, l ∈ {1, . . . , θ} such that qjj q˜ij = qjj q˜jk = 1, qkk = −1, q˜ik =
q˜il = q˜jl = 1, q˜jk
2 = q˜lk
−1 = qll,[[
[xijkl, xk]c , xj
]
c
, xk
]
c
;
◦ for i, j, k, l ∈ {1, . . . , θ} such that q˜jk = q˜ij = q
−1
jj ∈ G
′
4 ∪ G
′
6, qii = qkk =
−1, q˜ik = q˜il = q˜jl = 1, q˜jk
3 = q˜lk,[[
xijk, [xijkl, xk]c
]
c
, xjk
]
c
;
◦ for i, j, k, l ∈ {1, . . . , θ} such that qll = q˜lk
−1 = qkk = q˜jk
−1 = q2, q˜ij =
q−1ii = q
3 for some q ∈ k×, qjj = −1, q˜ik = q˜il = q˜jl = 1,[[
[xijk, xj ]c , [xijkl, xj ]c
]
c
, xjk
]
c
;
◦ for i, j, k, l ∈ {1, . . . , θ} such that one of the following situations
(1) qkk = −1, qii = q˜ij
−1 = q2jj, q˜kl = q
−1
ll = q
3
jj, q˜jk = q
−1
jj , q˜ik = q˜il =
q˜jl = 1,
(2) qii = q˜ij
−1 = −q−1ll = −q˜kl, qjj = q˜jk = qkk = −1, q˜ik = q˜il = q˜jl = 1,[
[xijkl, xj ]c , xk
]
c
− qjk(q˜ij
−1 − qjj)
[
[xijkl, xk]c , xj
]
c
;
◦ for i, j, k ∈ I such that q˜jk = 1, qii = q˜ij = −q˜ik ∈ G3,[
xi, [xij , xik]c
]
c
+ qjkqikqji [xiik, xij ]c + qij xijxiik;
◦ for i, j, k ∈ I such that qjj = qkk = q˜jk = −1, qii = −q˜ij ∈ G3, q˜ik = 1,
[xiijk, xijk]c ;
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◦ for i, j ∈ I such that −qii,−qjj, qiiq˜ij, qjj q˜ij 6= 1,
(1− q˜ij)qjjqji
[
xi, [xij , xj ]c
]
c
− (1 + qjj)(1− qjj q˜ij)x
2
ij;
◦ for i, j ∈ I such that either aqij ≤ −4, or else a
q
ij = −3, qjj = −1, qii ∈ G4,[
xi, x3αi+2αj
]
c
−
1− qiiq˜ij − q
2
iiq˜ij
2qjj
(1− qiiq˜ij)qji
x2iij;
◦ for i, j ∈ I such that 3αi +2αj ∈ ∆
q
+, 4αi +3αj /∈ ∆
q
+, either qjj = −1 or
else aqji ≤ −2, and either a
q
ij ≤ −3, or else a
q
ij = −2, qii ∈ G3,
x4αi+3αj = [x3αi+2αj , xij ]c;
◦ for i, j ∈ I such that 3αi+2αj ∈ ∆
q
+, 5αi+3αj /∈ ∆
q
+, and q
3
iiq˜ij, q
4
iiq˜ij 6= 1,
[xiij , x3αi+2αj ]c;
◦ for i, j ∈ I such that 4αi + 3αj ∈ ∆
q
+, 5αi + 4αj /∈ ∆
q
+,
x5αi+4αj = [x4αi+3αj , xij ]c;
◦ for i, j ∈ I such that 5αi + 2αj ∈ ∆
q
+, 7αi + 3αj /∈ ∆
q
+,
[[xiiij , xiij ], xiij ]c;
◦ for i, j ∈ I such that qjj = −1, 5αi + 4αj ∈ ∆
q
+,
[xiij , x4αi+3αj ]c −
b− (1 + qii)(1 − qiiq˜ij)(1 + q˜ij + qiiζ
2)q6iiq˜ij
4
a q3iiq
2
ijq
3
ji
x23αi+2αj ,
where a = (1− q˜ij)(1 − q
4
iiq˜ij
3)− (1− qiiq˜ij)(1 + qii)qiiq˜ij,
b = (1− q˜ij)(1 − q
6
iiq˜ij
5)− a qiiq˜ij.

Now we assume that q is not necessarily connected but every connected
component belongs to the list of [H]. We take G as the set of defining relations
of Bq as computed in Theorem 2.1 for each component, union G(0), where
(2.3) G(0) := {xixj − qijxjxi|i < j and i 6∼ j}
denotes the set of q-commutators of vertices in different components of q.
Remark 2.2. Let G˜ := G − {xNαα : α ∈ O
q}. Then B˜q = T (V )/〈G˜〉 is
an intermediate dostinguished quotient between T (V ) and Bq called the
distinguished pre-Nichols algebra of q [A2].
We stress that [AA2] presents a different approach for the defining rela-
tions. The authors list the relations of each Nichols algebra Bq, for every
matrix q in [H]. We will mainly follow this second approach. Also, a partial
presentation of Bq is given on the Appendix.
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2.1.3. Let H be a Hopf algebra. A principal YD-realization of V over H is
a family (χi, gi)i∈I ∈ Alg(H,k) × G(H) such that χi(gj) = qji, i, j ∈ I, and
χi(h)gi = χi(h(2))h(1)giS(h(3)) for all h ∈ H, i ∈ I. In particular, it follows
that Γ = 〈g1, . . . , gθ〉 < Z(G(H)). These data realize (V, c
q) as an object in
H
HYD in such a way that c
q coincides with the categorical braiding of HHYD
and xi ∈ V
χi
gi = Vgi ∩ V
χi , i ∈ I, cf. (2.1).
2.2. The strategy. We recall the setting of a generic step in the algorithm
behind our strategy to compute the liftings as cocycle deformations. We
refer the reader to [A+, AAG] for details. We fix
◦ A cosemisimple Hopf algebra H.
◦ V ∈ HHYD such that the ideal J (V ) defining the Nichols algebra B(V ) is
generated by a finite set G.
Let G = G0 ⊔ · · · ⊔ Gℓ be an adapted stratification of G cf. [A+, §5.1]; in
particular Gk is a basis of a Yetter-Drinfeld submodule Mk ⊂ P(Bk), for
each2 k. We set B0 = T (V ) and denote by Bk = Bk−1/〈Gk−1〉, k ∈ Iℓ+1
the corresponding pre-Nichols algebras; also Hk = Bk#H. In loc. cit. we
introduced an algorithm to produce at each step k = 0, . . . , ℓ a collection
Cleft′(Hk) of cleft objects Ak in such a way that the Schauenburg left Hopf
algebra Lk associated to each pair (Hk,Ak), see [S], satisfies grLk ≃ Hk;
moreover this algebra is a cocycle deformation of Hk by construction.
In this article we show that a technical condition we introduced in [AAG]
for the diagonal case is always satisfied, which shows that the family of Hopf
algebras resulting from the ℓ+1th step is a complete family of liftings of V .
Set T := T (V )#H. The algorithm starts with B0 = T (V ) and Cleft
′(H0)
is the singleton {A0 = T }, with coaction ρ0 = ∆T ; so L0 = T . At a given
step k we compute, for each Ak−1 ∈ Cleft
′(Hk−1) a collection of quotients
Ak−1 ։ Ak. This setup is depicted in the following snapshot from [A+,
p.696]:
(2.4) T
γ0=id
//
πk−1


πk ≡


T
τk−1


τk≡


///o/o/o/o/o/o/o/o/o L(T ,T ) ≃ T


≡
||||
Hk−1
γk−1
//
π′
k


Ak−1
τ ′
k


///o/o/o/o/o/o/o L(Ak−1,Hk−1)


Hk
γk
// Ak ///o/o/o/o/o/o/o/o/o L(Ak,Hk)
The maps γk−1, γk denote the corresponding sections, and the vertical arrows
represent the (Hopf) algebra projections. The coaction ρk : Ak → Ak ⊗Hk
2Gℓ can be chosen so that it is not properly contained in P(Bℓ), see loc.cit.
10 ANGIONO; GARCÍA IGLESIAS
is given by ρk = (τ
′
k ⊗ π
′
k)ρk−1 = (τk ⊗ πk)∆T and the section satisfies
γk(xh) = γk(x)h, x ∈ Bk, h ∈ H.
In the final step k = ℓ + 1, Hℓ+1 = B(V )#H and L = L(A,B(V )#H)
is a cocycle deformation of B(V )#H satisfying grL ≃ B(V )#H, that is a
lifting of V for every A ∈ Cleft′(B(V )#H).
2.3. On the computation of Ak. By [A+, Proposition 5.8], each algebra
Ak−1 can be decomposed as Ak−1 = Ek−1#H, where E0 = T (V ) and each
Ek−1 is an H-module algebra. Hence the problem of computing all quotients
Ak−1 ։ Ak translates into that of finding all suitable quotients Ek−1 ։ Ek.
For each λ = (λr)r∈G ∈ k
G , Ek(λ) is defined, as a k-linear space, via
(2.5) Ek = Ek(λ) = Ek−1/〈γk−1(r)− λr : r ∈ Gk−1〉,
If Ek(λ) 6= 0, then it is a k-algebra. If, additionally, Ek(λ) is an H-module
algebra, then Ak(λ) := Ek(λ)#H ∈ Cleft(Hk), by [A+, Proposition 5.8].
The next lemma indicates when Ek(λ) is an H-module algebra. In §3 we
study when Ek(λ) 6= 0 for the case of diagonal braidings.
We introduce some terminology first. For each r ∈ Gk and each h ∈ H,
we write the H-action as h · r =
∑
s∈Gk
µrs(h)s, some (µrs(h))s∈Gk ∈ k
Gk .
Lemma 2.3. Assume that Ek(λ) is an H-module algebra and that the section
γk : Hk → Ak(λ) is H-linear. If Ek+1(λ) 6= 0, then it is an H-module algebra
if and only if
ǫ(h)λr =
∑
s∈Gk−1
µrs(h)λs, ∀ r ∈ Gk, h ∈ H.(2.6)
Proof. If (2.6) holds, then the ideal 〈γk(r) − λr : r ∈ Gk〉 ⊂ Ek is an H-
submodule of Ek and thus Ek+1(λ) inherits an H-module structure. Con-
versely, set κ(h, r) =
∑
s∈Gk−1
µrs(h)λs − ǫ(h)λr ∈ k, for h ∈ H, r ∈ Gk. Then
h · (γk(r)− λr) =
∑
s∈Gk−1
µrs(h) (γ(s)− λs) + κ(h, r).
Since Ek+1(λ) 6= 0, κ(h, r) = 0 for all h, r and (2.6) holds. 
Remark 2.4. If k = 0, then γk = id thus it is H-linear. On the other hand,
if H is semisimple, then γk is H-linear for every k, [A+, Proposition 5.8(c)].
This is also the case when the braiding is diagonal, see §3.
3. All liftings are cocycle deformations
In this section we further assume that
◦ V ∈ HHYD comes from a principal realization (gi, χi)i∈Iθ of a braided vector
space of diagonal type (V, c) with matrix q.
We show that every lifting of V is a cocycle deformation of Bq#H, by
showing that the algebras Ek(λ) ∈ HM in (2.5) are nonzero.
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We consider G as in §2.1. We set Γ = 〈g1, . . . , gθ〉 < G(H), so each
r ∈ G belongs to a unique component r ∈ T (V )χrgr , for some gr ∈ Γ and
χr ∈ Alg(H,k), cf. (1.1). We fix a stratification G0 ⊔ · · · ⊔ Gℓ in such a way
that G0 = G(0) as in (2.3) and such that k〈Gℓ〉 is the normal braided Hopf
subalgebra of Bℓ generated by the powers of the Cartan root vectors, cf. [A2,
Theorem 31]. When Ek(λ) 6= 0 for every k, we shall denote
E˜q(λ) := Eℓ(λ), Eq(λ) := Eℓ+1(λ).(3.1)
In this context, Lemma 2.3 is equivalent to the following. Recall the
notation from (2.4).
Lemma 3.1. Assume that Ek(λ) 6= 0. Then γ : Hk → Ak(λ) is H-linear
and Ek(λ) is an H-module algebra if and only if
(3.2) λr = 0 if χr 6= ǫ, for all r ∈ Gk−1.
Let λ = (λr)r∈G ∈ k be a family of scalars satisfying (3.2). For each k ≥ 0,
E = Ek(λ) decomposes as a sum of Γ-eigenspaces E =
⊕
χ∈Γ̂ E
χ.
Proof. We proceed by induction on k. As V =
⊕
i∈Iθ
V χi , the H-module al-
gebra E0 = T (V ) decomposes as a sum of Γ-eigenspaces T (V ) =
⊕
χ∈Γ̂ T (V )
χ
and γ = id : H0 → A0 is H-linear.
Fix k ≥ 0 for which the statement holds. By definition, the pre-Nichols
algebra Bk also decomposes as a sum Bk =
⊕
χ∈Γ̂B
χ
k . Let τk : T (V )#H →
Ak be the algebra projection; by assumption, this is an H-linear map –which
restricts to an H-linear map τk : T (V ) → Ek =
⊕
χ∈Γ̂ E
χ. Let x#t ∈ Hk,
x ∈ Bχk , some χ ∈ Γ̂, t ∈ H. As γ(xt) = γ(x)t cf. (2.4), we may assume
t = 1. Now, let y ∈ T (V )χ be such that τk(y) = γ(x). Then
h · γ(x) = h · τk(y) = τk(h · y) = χ(h)τk(y) = χ(h)γ(x), ∀h ∈ H.
Hence γ : Hk → Ak is H-linear and the first assertion follows by Lemma
2.6, as (2.6) becomes (3.2) in this setting. This also shows that the ideal
defining Ek+1, see (2.5), is generated by Γ̂-homogeneous elements, and thus
the Γ̂-graduation descends to Ek+1. The lemma follows. 
Next we show that condition (3.2) is sufficient. Namely, recall the defini-
tion of the set R ⊂ kG from (1.2), then we have:
Theorem 3.2. Eq(λ) 6= 0 if and only if λ ∈ R.
To prove this theorem, we need a series of results, see §3.1 for the proof.
Corollary 3.3. For every λ ∈ R, Ak(λ) := Ek(λ)#H is a right Bk#H-cleft
object. In particular,
A(λ) := Eq(λ)#H ∈ Cleft(B(V )#H), ∀λ ∈ R.
Proof. Follows by [A+, Proposition 5.8]. 
The following result will be useful for the recursive proof in Theorem 3.2.
12 ANGIONO; GARCÍA IGLESIAS
Lemma 3.4. Let k ≤ ℓ, λ ∈ R. Assume that the following conditions hold:
Ek−1/〈γk−1(r) : r ∈ Gk−1〉 6= 0, Bk−1/〈r − λr : r ∈ Gk−1〉 6= 0.
Then Ek(λ) 6= 0.
In other words, it says that if for the k − 1-th step we have proved that
all the algebras Ek−1 are non-zero and we are able to extend to the k-th step
in the following two cases:
• λr arbitrary for r ∈ Gt, t < k − 1, and λr = 0 for r ∈ Gk−1,
• λr = 0 for r ∈ Gt, t < k − 1, and λr arbitrary for r ∈ Gk−1,
then Ek(λ) 6= 0 for all λ.
Proof. We consider the algebra map ̺ : Ek−1 → Ek−1 ⊗Bk−1 given by the
braided coaction as in [AG, Lemma 4.1]. As Gk−1 ⊂ P(Bk−1),
̺(γk−1(r)) = γk−1(r)⊗ 1 + 1⊗ r, r ∈ Gk−1.
Now ̺ induces an algebra map
̺′ : Ek−1 → Ek−1/〈γk−1(r) : r ∈ Gk−1〉 ⊗Bk−1/〈r − λr : r ∈ Gk−1〉
such that ̺′(γk−1(r)− λr) = 0, r ∈ Gk−1. Hence Ek(λ) 6= 0. 
Lemma 3.5. If E˜q(λ) := Eℓ(λ) 6= 0, then Eℓ+1(λ) 6= 0.
Proof. We recall that the normal Hopf subalgebra k〈Gℓ〉 ⊂ Bℓ is a q-poly-
nomial algebra [A2, Proposition 21]. Hence, by [A+, Theorem 3.1], also [Gu,
Theorem 4], Eℓ+1(λ) 6= 0. 
We fix D =
⊔m
i=1Di and respectively V =
⊕m
i=1 Vi the decompositions of
D and V into connected components. We denote by G(i) the set of generators
of the ideal defining the Nichols algebra B(Vi), i ∈ Im. As a result, the set
G of generators of J (V ), see §2.1, decomposes as a disjoint union, cf. (2.3):
(3.3) G = G(0) ⊔ G(1) ⊔ · · · ⊔ G(m).
Let R ⊆ kG , resp. R(i) ⊆ kG(i), i ∈ Im, be the set of deformation param-
eters for V , resp. Vi, cf. (1.2). Then we have a restriction map:
(3.4) R → R(i), λ 7→ λ|i := (λr)r∈G(i) ∈ R(i).
In particular, λ splits into a product of subfamilies
λ = λ|0 × λ|1 × · · · × λ|m(3.5)
in such a way that
(i) λ|0 ∈ k
G(0) is the subset of deformation parameters linking vertices
in different connected components;
(ii) λ|i ∈ k
G(i) is the subset of deformation parameters for the ith con-
nected component of V , i ∈ Im.
Lemma 3.6. Let λ = (λr)r∈G ∈ k be a family of scalars satisfying (3.2). If
E(λ|i) 6= 0 for every i ∈ Im and λ|0 = 0, then E˜q(λ) 6= 0.
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Proof. Let ρ : T (V )→ End⊗mt=1E(λ|t) be the algebra map defined by
ρ(yk)(y1 ⊗ . . .⊗ ym) := gk · y1 ⊗ . . .⊗ gk · yi−1 ⊗ ykyi ⊗ yi+1 ⊗ . . .⊗ ym,
where yt ∈ E(λ|t), k ∈ Di, i ∈ Im. We claim that ρ(ykℓ) = 0 for all k 6∼ ℓ,
k < ℓ. Indeed, if k ∈ Di, ℓ ∈ Dj, i < j ∈ Im, then
ρ(ykyℓ)(y1⊗ . . .⊗ ym) := gkgℓ · y1 ⊗ . . . ⊗ gkgℓ · yi−1 ⊗ yk(gℓ · yi)
⊗ gℓ · yi+1 ⊗ · · · ⊗ gℓ · yj−1 ⊗ yℓyj ⊗ yj+1 ⊗ . . . ⊗ ym,
ρ(yℓyk)(y1⊗ . . .⊗ ym) := gkgℓ · y1 ⊗ . . . ⊗ gkgℓ · yi−1 ⊗ gℓ · (ykyi)
⊗ gℓ · yi+1 ⊗ · · · ⊗ gℓ · yj−1 ⊗ yℓyj ⊗ yj+1 ⊗ . . . ⊗ ym.
As k 6∼ ℓ, qℓkqkℓ = 1 and hence
gℓ · (ykyi) = (gℓ · yk)(gℓ · yi) = qℓkyk(gℓ · yi) = q
−1
kℓ yk(gℓ · yi),
so ρ(ykℓ)(y1 ⊗ . . . ⊗ ym) = 0 for all yt ∈ E(λ|t).
Let r ∈ G(p). We claim that ρ(γp−1(r))(y1 ⊗ . . . ⊗ ym) = 0. It suffices
to consider yt ∈ E(λ|t) such that yt ∈ πt(T (Vt)
χt
gt ) for some gt ∈ Γ, χt ∈ Γ̂,
where πt : T (Vt)→ E(λ|t) is the canonical projection. For each k ∈ Di,
ρ(yk)(y1⊗. . .⊗ym) = χ1 . . .χi−1(gk)y1⊗. . .⊗yi−1⊗ykyi⊗yi+1⊗. . .⊗ym
= χ−1k (g1 . . . gi−1)y1 ⊗ . . .⊗ yi−1 ⊗ ykyi ⊗ yi+1 ⊗ . . .⊗ ym.
Since γp−1(r) ∈ E(λ|p)
χr , we have
ρ(γp−1(r))(y1 ⊗ . . .⊗ ym) =
χ−1r (g1 . . . gi−1)y1 ⊗ . . . ⊗ yi−1 ⊗ γp−1(r)yi ⊗ yi+1 ⊗ . . .⊗ ym = 0.
Hence ρ induces an algebra map ρ˜ : E˜q(λ) → End⊗
m
t=1E(λ|t) and therefore
E˜q(λ) 6= 0. 
Lemma 3.7. If λ|i = 0 for all i > 0, then E˜q(λ) 6= 0.
Proof. Set Nj = ordχj(gj), yjk := yjyk − qjkykyj , j < k ∈ I. Let F(λ|0) be
the quotient of T (V ) by the ideal generated by
yjk − λjk, j 6∼ k, yjk, j ∼ k, j < k, y
Nj
j , j ∈ I.
An easy application of the Diamond Lemma shows that F(λ|0) 6= 0.
For each connected component Vi, the relations in G(i) hold in E˜q, since
λ|i = 0, cf. (2.5). Recall that the set G(i) consists of relations y
Nj
j , for certain
j ∈ Iθi , and relations involving at least two letters yj, yk contained in the
ideal 〈yjk|j < k ∈ Iθi〉. Hence E˜q(λ) projects onto F(λ|0). 
Lemma 3.8. Let λ = (λr)r∈G ∈ k be a family of scalars satisfying (3.2). If
E(λ|i) 6= 0 for every i ∈ Im, then E(λ) 6= 0.
Proof. The case λ|0 = 0 follows by Lemma 3.6, while the case λ|i = 0 for
all i > 0 is Lemma 3.7. Hence we make use of Lemma 3.4 to combine both
cases and conclude that E(λ) 6= 0 for any λ. 
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3.1. Proof of Theorem 3.2. We show that Ek(λ) 6= 0, for every k ≥ 0.
We may restrict to the connected case by Lemma 3.8. Moreover, we just
need to check that E˜q(λ) 6= 0, by Lemma 3.5. This is done in the Appendix,
by a case-by-case analysis of all Nichols algebras following the explicit list
given in [AA1]. We explain how to define E˜q(λ) recursively and show that
E˜q(λ) 6= 0 for each q. 
3.2. The liftings u(λ). We review [AAG, §3.1] where the liftings are de-
fined.
We fix λ ∈ R as in (1.2): this defines a right B(V )#H-cleft object A(λ),
by Corollary 3.3. We consider the left Schauenburg Hopf algebra L(λ) :=
L(A(λ),B(V )#H). This is a cocycle deformation of B(V )#H for which
A(λ) becomes a (B(V )#H,L(λ)-bicleft object.
We provide a recursive process to define a Hopf algebra u(λ) such that
u(λ) ≃ L(λ). Our aim is to get a quotient T (V )#H ։ u(λ), that is, a
definition of the liftings by generators and relations.
We will proceed inductively by considering intermediate quotients uk(λ) ≃
Lk(λ) := L(Hk,Ak(λ)), recall that Hk = Bk#H.
Recall that E0(λ) = T (V ); hence A0(λ) = T (V )#H and thus we set
u0(λ) = T (V )#H ≃ L0(λ).
Fix k > 0 and assume that uk−1(λ) is already defined. In particular, there
is a left coaction Ak−1(λ)→ uk−1(λ)⊗Ak−1(λ). Let γ : Hk−1 → Ak−1(λ) be
the section corresponding to the right coaction Ak−1(λ)→ Ak−1(λ)⊗Hk−1
and set, for each r ∈ Gk−1,
∇(r) := γ(r)(−1) ⊗ γ(r)(0) − gr ⊗ γ(r).
Corollary 3.9. [A+, Corollary 5.12] ∇(r) ∈ uk−1(λ)⊗1 ⊂ uk−1(λ)⊗A(λ).
Hence this defines an element r˜ ∈ uk−1(λ) so that ∇(r) = r˜ ⊗ 1. We set
uk(λ) := uk−1/〈r˜ − λr(1− gr) : r ∈ Gk−1〉.(3.6)
By [AAG, Proposition 3.3] and Corollary 3.3, uk(λ) ≃ L(Ak(λ),Hk). Thus,
uk(λ) is a quotient of T (V )#H = L0(λ), for each k ≥ 0. We set, cf. (1.3):
u(λ) := uℓ+1(λ).
Our Theorem 3.2 readily implies the main result of the article, which in this
context reads as follows.
Theorem 3.10. Let L be a lifting of V . Then there is λ ∈ R such that
L ≃ u(λ).
Proof. [AAG, Theorem 3.5] applies, by Theorem 3.2. 
4. Diagonal case: non-connected diagrams
We fix a pair (H,V ) as in §2.1. We focus on the case in which the gener-
alized Dynkin diagram D associated to V is not connected. Our main result
is Proposition 4.2, which shows that we can restrict to the connected case
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as the liftings for non-connected diagrams are defined via linking relations
(4.2) for the liftings of the connected components.
We fix {x1, . . . , xθ} a basis of V with xi ∈ V
χi
gi , i ∈ I. In particular,
recall that every r ∈ G belongs to a component T (V )χrgr , for some gr ∈ Γ,
χr ∈ Alg(H,k).
We fix D =
⊔m
i=1Di and respectively V =
⊕m
i=1 Vi the decompositions of
D and V into connected components. We keep the notation as in §3. Notice
that (3.4) associates a lifting u(λ|i) of Vi to each lifting u(λ) of V . For each
i ∈ Im, we set J (λ|i) ⊂ T (Vi) as the ideal such that
u(λ|i) = T (Vi)#H/J (λ|i).
Let G(i) = G(i)0 ⊔ · · · ⊔ G(i)ℓ(i) be a stratification of the set of defining
relations G(i) of B(Vi). Then
G = G(1)0 ⊔ · · · ⊔ G(1)ℓ(1) ⊔ · · · ⊔ G(m)0 ⊔ · · · ⊔ G(m)ℓ(m) ⊔ G(0)(4.1)
is a stratification of G with N + 1 steps, N = r + ℓ(1) + · · ·+ ℓ(m).
We denote by u|i(λ) the subalgebra of u(λ) generated by H ⊕ Vi#H; this
is indeed a Hopf subalgebra.
Lemma 4.1. u|i(λ) ≃ u(λ|i) as Hopf algebras.
Proof. Let φ : T (V )#H → u(λ) be a lifting map, cf. §2. We assume that
i = 1, for short. We consider the map φ1 : T (V1)#H → u(λ) given by
the composition of φ with the canonical inclusion T (V1)#H →֒ T (V )#H.
Using the stratification as in (4.1), it follows that φ1(J (λ|1)) = 0 and thus
φ1 factors through a map ϕ : u(λ|1)→ u(λ).
By construction, the first term u(λ|1)1 of the coradical filtration of u(λ|1)
is (isomorphic to) H ⊕ V1#H; similarly u(λ)1 ≃ H ⊕ V#H. Now, the
restriction of ϕ to u(λ|1)1 is the canonical inclusion H⊕V1#H →֒ H⊕V#H
since φ is a lifting map. Hence ϕ is injective by [Mo, Theorem 5.3.1]. 
Now we proceed in the opposite direction, and show in Proposition 4.2
that we can combine the liftings of each of the Vi’s to find (all) liftings of V .
We denote by J (λ>0) the ideal of T (V )#H generated by
⋃
i∈Im
J (λ|i);
here we consider the natural identification T (Vi)#H →֒ T (V )#H. We set
U(λ) = T (V )#H/J (λ>0).
The subfamily λ|0 consists of scalars (λi,j)i 6∼j,i<j subject to
λi,j = 0 if χiχj 6= ǫ or gigj = 1,
cf. (3.2). We consider the Hopf ideal J (λ|0) ⊂ U(λ) generated by
ad(xi)(xj)− λi,j(1− gigj), i < j, i 6∼ j(4.2)
and set u′(λ) = U(λ)/J (λ|0).
Proposition 4.2. u′(λ) is a lifting of V ; moreover, u′(λ) ≃ u(λ).
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Proof. We fix a stratification as in (4.1). Then, for each step k = 0, . . . , N ,
there is a surjective Hopf algebra map Lk ։ U(λ), cf. (3.6); hence there is a
Hopf algebra projection τ ′ : LN ։ u
′(λ). Now, the final step LN+1 = u(λ)
is given precisely by the quotient of LN by the relations (4.2). Therefore, τ
′
factors through a map τ : u(λ)։ u′(λ); we shall denote by τ1 the restriction
of τ to the first term u(λ)1 ≃ H ⊕ V#H of the coradical filtration of u(λ).
Conversely, we fix a lifting map φ : T (V )#H ։ u(λ), cf. §2. Now, by
Lemma 4.1, φ(J (λ|i)) = 0 for each i ∈ Im, and thus φ factors through a Hopf
algebra epimorphism φ′ : U(λ)։ u(λ). We observe that G(0) is composed of
primitive elements in T (V ), hence relations (4.2) hold in u(λ) by definition,
see (3.6). Hence φ′(J (λ|0)) = 0 and this induces a Hopf algebra projection
ϕ : u′(λ)։ u(λ) such that ϕ1 := ϕ|H⊕V#H is injective, by (2.2).
It follows that τ1 ◦ ϕ1 = ϕ1 ◦ τ1 = idH⊕V#H , hence τ : u(λ) → u
′(λ)
defines a Hopf algebra isomorphism, with inverse ϕ. 
5. On isomorphism classes
Let (V,H) be as in §2.1. If λ ∈ R, cf. (1.2), then we say that (H,V,λ) is a
lifting datum. Let (V ′,H ′) a new pair as in §2.1; we denote by ((g′i, χ
′
i))i∈Iθ′ ,
θ′ = dimV ′, R′, the corresponding input information.
When V, V ′ are connected, [AAG, Theorem 3.9] describes the set of iso-
morphisms classes Isom(u(λ), u(λ′)) in terms of certain symmetries of the
lifting data. This is in turn inspired by [AS3, Theorem 7.2], where this is
done for certain families of liftings of Cartan type with minor restrictions on
the parameters; see also [AS2, Theorem 7.1] for some families of type A.
The claim of [AAG, Theorem 3.9] extends verbatim to the non-connected
case, see Theorem 5.3; also Remark 5.2. In addition, we review this case in
the spirit of Proposition 4.2, that is we study the isomorphism classes of the
algebras u(λ) in terms of the components of V , see Proposition 5.7.
Consider the decompositions V =
⊕m
i=1 Vi and V
′ =
⊕m′
i=1 V
′
i of V and V
′
as sums of connected braided vector subspaces; set θi = dimVi, θ
′
j = dimV
′
j ,
i ∈ Im, j ∈ Im′ . We fix I = Iθ and set I(i) = {j ∈ I|gj = gi and χj = χi}, for
each i ∈ I and consider the groups
Sq = {σ ∈ Sθ|qij = qσ(i)σ(j) ∀i, j ∈ I};
L = {s ∈ GLθ(k)|sij = 0 if j /∈ I(i)}.
These groups act on R [AAG, Lemmas 3.10 & 3.11]; we write each action as
λ 7→ λσ, λ 7→ s · λ; for λ ∈ R, σ ∈ Sq, s ∈ L.(5.1)
Remark 5.1. Let λ ∈ R. Then the actions (5.1) restrict to each component
λ|i, i ≥ 0, as in (3.5), cf. [AAG, Lemmas 3.10 & 3.11], also [AAG, Example
3.12]. In particular,
(s · λσ)|0 = (s
−1
ij λσ−1(i),σ−1(j))i,j , σ ∈ Sq, s ∈ L.(5.2)
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Here, if λ|0 = (λr)r∈G(0), then we set λi,j := λr for i < j ∈ I defining the
q-commutator r cf. (2.3).
Remark 5.2. When V connected, the sets I(i) and L are explicitly described
in [AAG, §3.2.1]. This is indeed the only occurrence of the connectedness
hypothesis in loc.cit.
We recall from [AAG, Lemma 3.7] that if ψ ∈ Isom(u(λ), u(λ′)), then
ϕ := ψ|H ∈ Isom(H,H
′) and T := ψ|V : V → V
′ is an isomorphism of
braided vector spaces; so θ = θ′, m = m′ and there is s = (sij) ∈ L with
T (ai) =
∑
j∈I(σ(i))
sija
′
j, i ∈ I,
where we denote by {ai}i∈I, resp. {a
′
i}i∈I, the images of the elements xi ∈ V ,
resp. x′i ∈ V
′, i ∈ I, via the natural projections T (V )#H ։ u(λ), resp.
T (V ′)#H ′ ։ u(λ′). In turn, ϕ defines an element σ ∈ Sq by the identities
ϕ(gj) = g
′
σ(j) and χ
′
σ(j) ◦ ϕ = χj , j ∈ I.(5.3)
These data actually determine the isomorphism ψ, see Theorem 5.3. We let
Isom(λ,λ′) be the set of all triples (ϕ, σ, s) ∈ Isom(H,H ′)×Sq×L satisfying
(5.3) and such that λ′ = s · λσ.
Theorem 5.3. [AAG, Theorem 3.9] Let (H,V,λ) and (H ′, V ′,λ′) be two
lifting data. Then Isom(u(λ), u(λ′)) ≃ Isom(λ,λ′). 
Remark 5.4. If s ∈ L and i 6∼ j ∈ I, then one of the following holds:
(a) sij = 0;
(b) k{xi} ≃ k{xj} ≃ Vp for some p ∈ Im and qii = qij = qji = qjj = −1.
Indeed, given such i, j, if there is k 6= i, j connected with one of them, say
k ∼ i, and sij 6= 0, then j ∈ I(i), that is χj = χi and gj = gi. Now, as k 6∼ j:
1 = χj(gk)χk(gj) = χi(gk)χk(gi),
which contradicts the fact that k ∼ i. Hence sij = 0. If, on the contrary, both
xi and xj determine a one-dimensional connected component and sij 6= 0,
then j ∈ I(i) implies qii = qij = qji = qjj = −1. 
We recall from p. 15 that u|i(λ) ⊆ u(λ) stands for the subalgebra generated
by Vi and H. The following is straightforward.
Lemma 5.5. Let ψ ∈ Isom(u(λ), u(λ′)). Then there is τ ∈ Sm such that
Ti := T|Vi : Vi → V
′
τ(i) is an isomorphism of braided vector spaces for each
i ∈ Im. Moreover,
ψ|i := ψ|u|i(λ) : u|i(λ)→ u|τ(i)(λ
′)
is a Hopf algebra isomorphism. 
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By Lemma 4.1, u|i(λ) ≃ u(λ|i) and hence each ψ ∈ Isom(u(λ), u(λ
′))
induces isomorphisms u(λ|i)→ u(λ
′
|τ(i)) for all i ∈ Im. We denote by
Isom(λ|1,λ
′
|τ(1))×H · · · ×H Isom(λ|m,λ
′
|τ(m)) ⊂
m
×
i=1
Isom(λ|i,λ
′
|τ(i))
the subset of allm-tuples ((ϕi, σi, si))i∈Im with ϕi = ϕj , i, j ∈ Im. Therefore,
Lemma 5.5 defines a map
Res: Isom(λ,λ′) −→ Isom(λ|1,λ
′
|τ(1))×H · · · ×H Isom(λ|m,λ
′
|τ(m))(5.4)
Lemma 5.6. The map Res is injective.
Proof. Let (ϕ, σ, s) ∈ Isom(λ,λ′) and denote by ψ : u(λ) → u(λ′) the cor-
responding Hopf algebra isomorphism from Theorem 5.3. The collection of
maps (ψ|i)i∈Im controls the behavior of ψ when restricted to the first term of
the coradical filtration of u(λ) and hence determines the morphism ψ. 
To describe the image of the map Res, we set, for each i ∈ Im,
Isom0(λ|i,λ
′
|τ(i)) = {(ϕ, σ, s) ∈ Isom(λ|i,λ
′
|τ(i))|λ
′
0 = s · λ
σi
0 }
and define Isom0(λ|1,λ
′
|τ(1)) ×H · · · ×H Isom0(λ|m,λ
′
|τ(m)) accordingly. By
definition, the image of Res lies inside this subset.
Proposition 5.7. The map Res defines a bijective correspondence
Isom(λ,λ′)
∼
−→ Isom0(λ|1,λ
′
|τ(1))×H · · · ×H Isom0(λ|m,λ
′
|τ(m)).(5.5)
Proof. First, Res is injective by Lemma 5.6. Now, let ((ϕ, σi, si))i∈Im belong
to the right hand side of (5.5), for some ϕ ∈ Isom(H,H ′). Then, via the
natural identification Iθ1 × · · · × Iθm = Iθ:
(a) σ = σ1 × · · · × σm ∈ Sq.
(b) The block matrix s =
 s1 0 ··· 00 s2 0
0 0
. . .
...
0 0 ··· sm
 defines an element in L.
Indeed, (a) is clear from the definition and (b) follows by Remark 5.4. Hence,
(ϕ, σ, s) ∈ Isom(λ,λ′) and it is mapped onto ((ϕ, σi, si))i∈Im by Res. 
Appendix A. Nonzero cleft objects
In this section we show that each algebra E˜q = E˜q(λ) is nonzero for each
connected matrix q and each λ ∈ R, see (1.2). This completes the proof
of Theorem 3.2. We refer to §2.1.2 for the notation xij, etc. We use the
corresponding notation yij, etc., for the analogous elements in terms of the
generators yi, i ∈ I. See also [AA1, §2.2].
A.1. The algebras E˜q.
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A.1.1. To define E˜q(λ), we follow (2.5), by deforming the corresponding
defining relations of Bq, as computed in Theorem 2.1 from [A1], for each
diagram in the classification of [H]. This is a case-by-case analysis of all
Nichols algebras following the explicit list given in [AA1].
Namely, given the presentation of a Nichols algebraBq in [AA1] by a set of
relations G, we keep only those relations which are not powers of Cartan root
vectors (which is, in a generic way, a presentation of the distinguished pre-
Nichols algebra B˜q, see Remark 2.2), we stratify this set G˜ and inductively
deform each relation according to (2.5).
Remark A.1. As a result, we reproduce here the (truncated, for our pour-
poses) presentation of each algebra Bq. Moreover, each one of these presen-
tations is preceded by the Dynkin diagram attached to q, and hence we also
reproduce the list in [H].
A.2. Tools and techniques. For each q we show that E˜q 6= 0 using a
combination of the following results and resources. For each one of these
tools, we include a reference to a specific example where it is used. In this
example, the technique is explained in detail, while subsequent uses of the
same techinque are simply mentioned, without further explanation.
A.2.1. For diagrams of small rank we explicitly compute the Gröbner basis
of the defining ideal of E˜q. This is achieved using the computer program
[GAP], together with the package GBNP by [CG]. The log files are stored in
the authors’ webpages: http://www.famaf.unc.edu.ar/∼(angiono|aigarcia).
This is the approach in the last line of Example A.3.2, where a Gröbner
basis associated to Cartan type B2, N = 5, is presented.
A.2.2. We invoke some results from previous articles. The case in which
only the powers of simple roots are deformed follows from [A+, Lemma 5.16].
For instance, the second case in A.4.2 follows directly from that result.
On the other hand, in [AG, Proposition 3.2] we determined the matrices
q for which the quantum Serre relations admit a nontrivial deformation. In
many cases, this restricts our computations to a single matrix q; see for
instance A.3.2.
A.2.3. Let i < j ∈ I. Assume that q˜ij 6= 1 (i.e. i and j are adjacent
vertices). By looking at the lists in [H], we have two cases:
(1) either (q˜ik − 1)(q˜jk − 1) = 0 (that is, k is not adjacent to both i and j)
for all k 6= i, j , or else
(2) there exists a unique k 6= i, j such that (q˜ik − 1)(q˜jk − 1) 6= 0 (that is, k
is the unique vertex adjacent to both i and j).
Let G[ij] ⊂ G be the subset of generalized quantum Serre relations con-
taining both letters xi and xj .
We analize the two possible cases separately in the next two lemmas.
In both cases we conclude that E˜q(λ) 6= 0 since it projects onto E˜q′(λ
′),
where q′ is a new matrix constructed from q such that i and j belong to
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different connected components, and λ′ is a new set of parameters for q′
constructed from λ; as q′ has exactly two connected components, we may
argue recursively using Lemma 3.6.
Lemma A.2. Assume that there is no k 6= i, j ∈ I adjacent to both i and j.
Let q′ = (q′st)s,t∈I be the matrix
q′st =
{
qst, (s, t) 6= (j, i),
q−1ij , (s, t) = (j, i).
Then
(1) (The diagram associated to) q′ has two connected components, which
arise by erasing the edge between i and j.
(2) The set of defining relations of Bq′ is G
′ = (G \ G[ij]) ∪ {xij}.
(3) Assume that all relations r ∈ G[ij] are not deformed (in particular, λr =
0 for all r ∈ G[ij]). Then E˜q(λ) projects onto E˜q′(λ
′) for λ′ = (λ′r)r∈G′
with λ′r = λr if r ∈ G \ G[ij] and λ
′
ij = 0.
Proof. For (1), we notice that all the vertices of the Dyinkin diagram of q′
and all the edges different from the one between i and j coincide with those
of q (with the same labels), while q′ has no edge between i and j and thus,
by inspection, the corresponding diagram has two connected components:
one containing i and one containing j.
Now (2) and (3) follow from (1) and Theorem 2.1: Each relation r ∈ G
depends on the subdiagram attached to the vertices of the letters appearing
in r. If r does not contain xi and xj simultaneously (that is, r /∈ G[ij]), then
the subdiagram of letters of r is contained in the Dynkin diagram of q′ and
then r ∈ G′; moreover, r belongs to the ideal generated by xij. On the other
hand, if xi, xj appear in r (that is, r ∈ G[ij]), then the associated subdiagram
is not contained in the Dynkin diagram of q′ and thus r /∈ G′; the relation r
is written as an iteration of braided brackets, all of them containing xij as
we can check in Theorem 2.1, and thus r belongs to the ideal generated by
xij. Finally xij ∈ G
′ since q˜′ij = 1 by definition. 
As an example, we apply this result for type F(4), see §A.5.5. Let N =
ord q. For the diagram
q2
◦
q−2 q2
◦
q−2 q
◦
−1
◦
q−1
, there are 2 cases: N >
4 and N = 4. When N > 4, E˜q is generated by yi, i ∈ I4, with relations
y13 = 0; y14 = 0; y24 = 0;
y112 = 0; y221 = 0; y223 = λ223;
y334 = 0; y3332 = λ3332; y
2
4 = µ4.
Here, G[34] = {x334} and this relation is not deformed. Hence we con-
sider the corresponding matrix q′ as in the Lemma, which has diagram
q2
◦
q−2 q2
◦
q−2 q
◦
−1
◦ . Thus q′ has two components, one of type B3
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and another of type A1, and the defining relations are the same as above
but we put y334 in place of y34. By a recursive argument on the rank of
connected components, we may assume that E˜q′ 6= 0. As E˜q projects onto E˜q′
by the previous result, we conclude that E˜q 6= 0.
The case N = 4 is solved analogously.
Lemma A.3. Assume that there is a vertex k 6= i, j ∈ I adjacent to both i
and j. Let q′ = (q′st)s,t∈I be the matrix
q′st =
{
qst, (s, t) 6= (j, i), (k, i),
q−1it , s = i, t = j, k.
Then
(1) (The diagram associated to) q′ has two connected components, which
arise by erasing the edges between i and j, and between i and k.
(2) The set of defining relations of Bq′ is G
′ = (G \ (G[ij] ∪ G[ik])) ∪ {xij}.
(3) Assume that all relations r ∈ G[ij]∪G[ik] are not deformed. Then E˜q(λ)
projects onto E˜q′(λ
′) for λ′ = (λ′r)r∈G′ with λ
′
r = λr if r ∈ G \ (G[ij] ∪
G[ik]) and λ′ij = λ
′
ik = 0.
Proof. The proof is similar to the previous Lemma. For (1), we notice that
all the vertices of the Dyinkin diagram of q′ and all the edges different from
the ones between i and j and between i and k coincide with those of q
(with the same labels), while q′ has no edges between i and j and between
i and k. The diagram (without labels) of q contains a triangle with vertices
i, j, k and ramifications in one or two vertices, which are lines; hence, after
removing the edges between i and j and between i and k we obtain exactly
two connected components: one containing i and one containing j and k.
Now (2) and (3) follow from (1) and Theorem 2.1. 
As an example, we apply this result for some diagrams in type g(2, 6), see
§A.7.7. More precisely, for the diagram in p. 49
−1
◦
ζ
✁✁
✁✁
✁✁
✁✁
ζ
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦,
E˜q is generated by yi, i ∈ I5, with defining relations yij = λij, i < j, q˜ij = 1;
y21 = µ1; [y(24),y3]c = ν2; y
2
3 = µ3; y221 = 0;
y223 = 0; y
2
5 = µ5; y443 = 0; [y435,y3]c = 0;
y225 = 0; y235 − q35ζ[y25, y3]c − q23(1− ζ)y3y25 = 0.
Here, G[25]∪G[35] = {x225, [x435, x3]c, x235−q35ζ[x25, x3]c−q23(1−ζ)x3x25},
and these relations are not deformed. Hence we consider the corresponding
matrix q′ as in the Lemma, which has diagram
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−1
◦
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦ .
Thus q′ has two components, one of super type A4 and another of type A1,
and the defining relations are the same as above but we remove G[25] ∪
G[35] and add x25, x35. By a recursive argument on the rank of connected
components, we may assume that E˜q′ 6= 0. As E˜q projects onto E˜q′ by the
previous result, we conclude that E˜q 6= 0.
A.2.4. Assume that all the relations involving a letter yi, i ∈ I, are not
deformed. Let G[i] ⊂ G be the subset containing these relations. If all the
relations in G[i] are not deformed, then we may deal again recursively using
the next result, see for instance A.3.6.
Lemma A.4. Let q′ be the submatrix of q obtained by removing the i-th row
and column. Then
(1) The diagram associated to q′ arises by erasing the vertex i and all the
edges adjacent to i.
(2) The set of defining relations of Bq′ is G
′ = G \ G[i].
(3) Assume that all relations r ∈ G[i] are not deformed. Then E˜q(λ) projects
onto E˜q′(λ
′) for λ′ = (λ′r)r∈G′ .
Proof. Analogous to Lemmas A.2 and A.3. 
A.2.5. In many cases, we can restrict to the case in which a single relation
r ∈ G is deformed. Then an iterative application of Lemma 3.4 shows that
E˜q 6= 0 by deforming one relation at a time. In each case, we can restrict to
the subdiagram involving just the letters in the relation, using the technique
described in §A.2.4.
A.3. Cartan type. In what follows q ∈ k× has order N > 1. All generalized
Dynkin diagrams are numbered from the left to the right and from bottom
to top. If a numbered display contains several equalities (or diagrams), they
will be referred to with roman letters from the left to the right.
A.3.1. Type Aθ, θ ≥ 1. The Dynkin diagram is
q
◦
q−1 q
◦
q−1 q
◦
q
◦
q−1 q
◦
For N > 2, the algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = 0, i < j − 1; yiij = λiij, |j − i| = 1.
This algebra is nonzero, see [AAG, Proposition 5.2].
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If N = 2, then E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij, i < j − 1; [y(i i+2), yi+1]c = νi.
This algebra is nonzero, see [AAG, Proposition 4.2].
A.3.2. Type Bθ, θ ≥ 2, N > 2. The Dynkin diagram is
q2
◦
q−2 q2
◦
q−2 q2
◦
q2
◦
q−2 q
◦
Now we consider different cases according with N .
⋄N > 4. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = 0, i < j − 1; yiij = λiij , i < θ, |j − i| = 1; yθθθθ−1 = λθθθθ−1.
If N > 5, then λθθθθ−1 = λiij = 0 for all i, j, so E˜q = B˜q. For N = 5 all these
scalars are 0 again, unless q =
(
q2 q
q2 q
)
, in which case λθ−1θ−1θ, λθθθθ−1 can
be non-zero. This algebra projects onto the corresponding algebra of type
B2, which is nonzero, see b2.log.
Explicitly, the corresponding Gröbner basis is given by:
y221 − λ221, y1112 − λ1112,
y21y2y1y2 + (1 + q)y1y2y
2
1y2 + (1 + q
2)y1y2y1y2y1 − q(2 + q + 2q
2)y2y1y2y
2
1
− q(1 + q)y2y
2
1y2y1 + 2y
2
2y
3
1 − q
2(1− q + q2)λ221y
2
1 + q(1 + q)λ1112y2.
⋄N = 4. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij , i < j − 1; [y(i i+2), yi+1]c = νi, i < θ; yθθθθ−1 = 0.
Notice that νθ−1 = 0 since χθ−2χ
2
θ−1χθ(gθ−2g
2
θ−1gθ) = −q. Also, λiθ = 0 for
all i ≤ θ − 2, so Lemma A.4 applies for i = θ and then E˜q projects over E˜q′ ,
q′ of type Aθ−1.
⋄N = 3. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = 0, i+ 1 < j < θ; yiij = λiij , i < θ, |j − i| = 1;
yiθ = λiθ, i+ 1 < θ; [yθθθ−1θ−2, yθθ−1]c = 0.
Notice that λθ−1 θ−1 θ = 0. If λθ−1 θ−1 θ−2 = λθ−2 θ−2 θ−1 = 0, then E˜q
projects onto E˜q′ , q
′ of type Aθ−2×A1 by Lemma A.2. If either λθ−1 θ−1 θ−2 6=
0 or λθ−2 θ−2 θ−1 6= 0, then λθ−2 θ−2 θ−3 = λθ−3 θ−3 θ−2 = 0; by Lemma A.2,
E˜q projects onto E˜q′ , q
′ of type Aθ−3 ×B3, which is nonzero, see b3.log.
A.3.3. Type Cθ, θ ≥ 3, N > 2. The associated Dynkin diagram is
q
◦
q−1 q
◦
q−1 q
◦
q
◦
q−2 q2
◦
⋄N > 3. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = 0, i < j − 1; yiij = 0, i ≤ θ − 2, |j − i| = 1;
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yθ−1θ−1θ−1θ = λθ−1θ−1θ−1θ; yθθθ−1 = λθθθ−1.
If N 6= 5, then E˜q = B˜q. For N = 5, λ = 0 again, unless q =
(
q q2
q q2
)
, in
which case λθ−1θ−1θ−1θ, λθθθ−1 can be non-zero. Thus E˜q projects onto the
corresponding algebra of type B2, which is nonzero, see b2.log.
⋄N = 3. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = 0, i+ 1 < j < θ; yiij = λiij, j = i± 1, i < θ − 1, yθθθ−1 = 0;
yiθ = λiθ, i < θ − 1; [[y(θ−2θ), yθ−1]c, yθ−1]c = λ(θ−2θ).
If λ(θ−2θ) = 0, then E˜q projects onto E˜q′ , q
′ of type Aθ−1 × A1, see Lemma
A.2. If λ(θ−2θ) 6= 0, then we may restrict to rank 3 following §A.2.5 and
q =
(
ζ bζ2 b−3ζ2
b−1 ζ b
b3ζ b−1ζ ζ2
)
; this algebra is not zero by c3.log.
A.3.4. Type Dθ, θ ≥ 4. The associated Dynkin diagram is
q
◦
q
◦
q−1 q
◦
q−1 q
◦
q
◦
q−1 q
◦
q−1
q−1 q
◦
⋄N > 2. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yθ−1θ = 0; yij = 0, i < j − 1, (i, j) 6= (θ − 2, θ); yθθθ−2 = λθθθ−2;
yiij = λiij , |j − i| = 1, i, j 6= θ; yθ−2θ−2θ = λθ−2θ−2θ.
If N 6= 3, then λ = 0, so E˜q = B˜q. If N = 3, then either λθ−2θ−2θ−1 =
λθ−1θ−1θ−2 = 0 or else λθ−2θ−2θ = λθθθ−2 = 0 by [AAG, Lemma 5.1 (2)]; in
both cases we apply Lemma A.4: E˜q projects onto E˜q′ , q
′ of type Aθ−1.
⋄N = 2. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij , i < j − 1, (i, j) 6= (θ − 2, θ); yθ−1θ = λθ−1θ;
[y(ii+2),yi+1]c = νi, i ≤ θ − 3; [yθ−3θ−2θ, yθ−2]c = ν
′
θ−2.
By Diamond Lemma [B] E˜q 6= 0: the defining relations are as for type A, so
the proof of [AAG, Proposition 4.2] applies to solve the ambiguities.
A.3.5. Type Eθ, 6 ≤ θ ≤ 8. The associated Dynkin diagram is
q
◦
q
◦
q−1 q
◦
q
◦
q−1
q−1 q
◦
q−1 q
◦
The proof is analogous to the case Dθ.
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A.3.6. Type F4, N > 2. The associated Dynkin diagram is
q2
◦
q−2 q2
◦
q−2 q
◦
q−1 q
◦.
⋄N > 4. The algebra E˜q is generated by yi, i ∈ I4, with defining relations
yij = 0, i < j − 1; y112 = 0, y221 = 0, y334 = 0,
y443 = 0, y223 = λ223, y3332 = λ3332.
Here we may apply Lemma A.4 twice (to vertices i = 4 and i = 1 respec-
tively) to see that E˜q projects onto E˜q′ , q
′ of type B2.
⋄N = 4. The algebra E˜q is generated by yi, i ∈ I4, with defining relations
yij = 0, i < j − 1; [y(13), y2]c = 0; y3332 = 0
y334 = 0; y443 = 0.
Hence, E˜q = B˜q 6= 0.
⋄N = 3. The algebra E˜q is generated by yi, i ∈ I4, with defining relations
yij = λij , i < j − 1; [[y(24), y3]c, y3]c = λ(24);
yiij = λiij , j = i± 1, (i, j) 6= (3, 2); [y3321, y32]c = λ321.
Notice that λ223 = 0. If λ321 = λ(24) = 0, then E˜q projects onto E˜q′ , q
′ of
type A2×A2, see Lemma A.2. If λ321 6= 0 but all the other λ’s are 0, then E˜q
projects onto E˜q′ , q
′ of type B3 × A1 by Lemma A.2 again. If λ(24) 6= 0 but
all the other λ’s are 0, then E˜q projects onto E˜q′ , q
′ of type C3 × A1, again
by Lemma A.2. The general case follows by applying Lemma 3.4 twice.
A.3.7. Type G2, N > 3. The associated Dynkin diagram is
q
◦
q−3 q3
◦ . The
algebra E˜q is generated by y1, y2 with defining relations
y112 = λ1; y22221 = λ2
with λ1 = λ2 = 0 unless N = 7 and q =
(
q q3
q q3
)
. This algebra is nonzero,
see g2.log.
A.4. Standard type. We start by recalling some notation from [AA1, §5].
Given q ∈ k× −G2 and J ⊂ Iθ, Aθ(q; J) is the generalized Dynkin diagram
q11
◦
q˜12 q22
◦
qθ−1θ−1
◦
q˜θ−1θ qθθ
◦
subject to the following requirements:
(1) q = q2θθq˜θ−1θ;
(2) if i ∈ J, then qii = −1 and q˜i−1i = q˜
−1
ii+1;
(3) if i /∈ J, then q˜i−1i = q
−1
ii = q˜ii+1 (only the second equality if i = 1, only
the first if i = θ).
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A.4.1. Standard type Bθ, θ ≥ 2, ζ ∈ G
′
3. The associated Dynkin diagram is
Aθ−1(−ζ; J)
−ζ ζ
◦.
The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij, i < j − 1; [y(i−1i+1), yi]c = νi, qii = −1;
yiii±1 = 0, qii = −ζ
±1; [yθθθ−1θ−2, yθθ−1]c = 0;
y3θ = µθ; [yθθθ−1, yθθ−1]c = λθθ−1, qθ−1θ−1 = −1;
y2i = µi, qii = −1.
As χθ−1χ
2
θχθ+1(gθ−1g
2
θgθ+1) 6= 1, νθ−1 = 0. Hence, if either qθ−1θ−1 6= −1
or qθ−1θ−1 = −1 but λθθ−1 = 0, then by Lemma A.2, E˜q projects onto E˜q′ , q
′
with two components, one of super type A and another of type A1; thus E˜q
is nonzero.
If qθ−1θ−1 = −1 and λθθ−1 6= 0, then either qθ−2θ−2 6= 1 or else qθ−2θ−2 6=
1, νθ−2 = −1. In both cases, all the relations in G[θ−2 θ−1] are not deformed
so Lemma A.2 applies: E˜q projects onto E˜q′ , q
′ with two components, one of
super type A and another of type B2 with matrix
(
−1 ζ
−1 ζ
)
; this algebra is
nonzero, see b2st.log.
A.4.2. Standard type G2, ζ ∈ G
′
8. The Weyl groupoid has three objects.
For
ζ2
◦
ζ ζ
◦ , E˜q is generated by y1, y2 with defining relations
y41 = λ1; y221 = λ2; [y1112, y112] = λ3 + 2λ2(1 + q)
2y2y12,
with λ1 = λ2 = λ3 = 0 unless q =
(
ζ2 ζ−1
ζ2 ζ−1
)
; see g2-st-a1.log for the defor-
mation of the generalized quantum Serre relation. This algebra is nonzero,
see g2-st-a.log.
For
ζ2
◦
ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y41 = λ1; y
2
2 = λ2; [y1, y3α1+2α2 ]c +
q12
1− ζ
y2112 = 0,
with λ1λ2 = 0. This algebra is nonzero, using [A+, Lemma 5.16]. The last
relation is not primitive: it remains undeformed by direct computation.
For
ζ
◦
ζ5 −1
◦ , E˜q is generated by y1, y2 with defining relations
y11112 = λ1; y
2
2 = λ2, [y112, y12]c, y12]c = λ3;
with λ1 = λ2 = λ3 = 0 unless q =
(
ζ −1
ζ −1
)
. This algebra is nonzero, see
g2-st-c.log.
A.5. Super type.
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A.5.1. Type A(j − 1|θ − j), θ ≥ 1, 1 ≤ j ≤ θ, N > 2. The Dynkin diagram
is of the shape Aθ(q; J), see p. 25. The algebra E˜q is generated by yi, i ∈ Iθ,
with defining relations
yij = λij , i < j − 1; yiii±1 = λiii±1, qii 6= −1;
y2i = 0, qii = −1; [y(i−1i+1), yi]c = νi, qii = −1.
We argue by induction on θ. If θ = 2, then there are 3 diagrams.
q
◦
q−1 q
◦ : It is of Cartan type, already solved in §A.3.1.
−1
◦
q −1
◦ : y2i = µi, i = 1, 2. Hence [A+, Lemma 5.16] applies.
q
◦
q−1 −1
◦ : y112 = λ112, y
2
2 = µ2. If λ112 = 0, then [A+, Lemma 5.16]
applies. Otherwise, q =
(
q −1
q −1
)
, q ∈ G′4; E˜q 6= 0 by a2-super.log.
For θ = 3, we have six cases:
q
◦
q−1 q
◦
q−1 q
◦ : It is of Cartan type, already solved.
q
◦
q−1 q
◦
q−1 −1
◦ : If λ223 = 0, then we quotient by y23. If λ223 6= 0, then
q ∈ G′4, so λ112 = λ221 = 0 and we quotient by y12.
q
◦
q−1 −1
◦
q q−1
◦ : First assume ν2 = 0. If λ112λ332 = 0, then it projects
over a rank 2 case. Otherwise, q =
(
q −1 b
q −1 −q
−b −1 −q
)
, b = ±q ∈ G′4; this algebra
is nonzero, see a3-super-1.log. If ν2 6= 0, then q =
(
q a q−1a−2
q−1a−1 −1 qa
qa2 a−1 q−1
)
,
a 6= 0; this algebra is nonzero, see a3-super-2.log. The general case
follows by Lemma 3.4.
−1
◦
q −1
◦
q−1 q
◦ : as ν2 = 0, we quotient by y12.
−1
◦
q−1 q
◦
q−1 −1
◦ : If λ221λ223 = 0, then we apply Lemma A.2 either to
(i, j) = (1, 2) or (i, j) = (2, 3). Otherwise, q =
(
−1 q −1
−1 q −1
−1 q −1
)
, q ∈ G′4; this
algebra is nonzero, see a3-super-3.log.
−1
◦
q−1 −1
◦
q −1
◦ : If ν2 = 0, then we quotient by y12. If ν2 6= 0, then q =(
−1 a −a−2
q−1a−1 −1 qa
−a2 a−1 −1
)
, a 6= 0; this algebra is nonzero, see a3-super-4.log.
For the inductive step, if the relations in G[θ θ + 1] are not deformed,
then we apply Lemma A.2: E˜q projects onto E˜q′ , q
′ with two components, of
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super type A and A1. If the relations in G[θ θ + 1] are the unique deformed
relations, then it projects over the rank 2 or rank 3 cases by Lemma A.4.
The general case follows by Lemma 3.4.
A.5.2. Type B(m|n), q /∈ G4. The Dynkin diagram has the shape
Aθ−1(q
2; J)
q−2 q
◦ .
⋄N > 4. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij, i < j − 1; y
2
i = µi, qii = −1; yθθθθ−1 = λθθθθ−1;
yiij = λiij, i < θ, |j − i| = 1, qii 6= −1; [y(i−1 i+1), yi]c = νi, qii = −1.
First assume qθ−1θ−1 6= −1. We apply Lemma A.2 in all the cases. If
λθθθθ−1 = λθ−1θ−1θ = 0, then E˜q projects onto E˜q′ , q
′ with two components,
one of super type A and another of type A1. If either λθθθθ−1 6= 0 or
λθ−1θ−1θ 6= 0, then q ∈ G
′
5 and νθ−2 = 0; hence E˜q projects onto E˜q′ , q
′
with two components, one of super type A and another of Cartan type B2.
When qθ−1θ−1 = −1, νθ−1 = 0 since χθ−2χ
2
θ−1χθ 6= ǫ. If λθθθθ−1 = 0,
then we apply Lemma A.2 to (i, j) = (theta − 1 θ). If λθθθθ−1 6= 0, then
q ∈ G′6 and νθ−2 = 0; by Lemma A.2 again, E˜q projects onto E˜q′ , q
′ with
two components, one of super type A and another of Cartan type B2 with
matrix
(
−1 q
−1 q
)
; this algebra is nonzero, see b2supera.log.
⋄N = 3. The algebra E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij, i < j − 1; [y(i−1i+1), yi]c = νi, qii = −1;
yiii±1 = λiii±1, qii 6= −1; [yθθθ−1, yθθ−1]c = λθθ−1, qθ−1θ−1 = −1;
[yθθθ−1θ−2,yθθ−1]c = λθθ−1θ−2; y
2
i = µi, qii = −1.
First assume λθθ−1θ−2 6= 0. Then qii = q
2 for i = θ − 2, θ − 1. Moreover,
λθ−2θ−2θ−3 = 0, νθ−3 = 0 if qθ−3θ−3 = −1, λθ−3θ−3θ−2 = 0 if qθ−3θ−3 = q
2;
hence Lemma A.2 applies for i = θ − 3, j = θ − 2, and E˜q projects onto E˜q′ ,
q′ with two components, one of super type A and of Cartan type B3.
Now assume λθθ−1θ−2 = 0. If either qθ−1θ−1 = q
2 or qθ−1θ−1 = −1,
λθθ−1 = 0, then Lemma A.2 applies for i = θ − 1, j = θ and E˜q projects
onto E˜q′ , q
′ with two components, one of super type A and another of type
A1. If qθ−1θ−1 = −1, λθθ−1 6= 0, then νθ−1 = 0, νθ−2 = 0 if qθ−2θ−2 = −1,
λθ−2θ−2θ−1 = 0 if qθ−2θ−2 6= −1; again by Lemma A.2, E˜q projects onto E˜q′ ,
q′ with two components, one of super type A and another of Cartan type B2
with matrix
(
−1 ζ
1 ζ
)
; this algebra is nonzero, see b2superb.log.
A.5.3. Type D(m|n), N > 2. The Weyl groupoid has objects with general-
ized Dynkin diagrams of six possible shapes.
For the diagram Aθ−2(q; i1, . . . , ij)
q−1 q
◦
q−2 q2
◦ , there are 3 cases:
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♦N > 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yiii±1 = 0, i < θ − 1, qii 6= −1;
yθ−1θ−1θ−2 = 0; yij = λij , i < j − 1;
yθθθ−1 = λθθθ−1; [y(i−1i+1), yi]c = νi, qii = −1, 2 ≤ i ≤ θ − 2;
yθ−1θ−1θ−1θ = λθ−1θ−1θ−1θ; y
2
i = µi, qii = −1.
If λθ−1θ−1θ−1θ = λθθθ−1 = 0, then we apply Lemma A.2 for i = θ − 1, j = θ
and E˜q projects onto E˜q′ , q
′ with two components, one of super type A and
another of Cartan type A1. If either λθ−1θ−1θ−1θ 6= 0 or λθθθ−1 6= 0, then
νθ−2 = 0 if qθ−2θ−2 = −1; hence we apply Lemma A.2 for i = θ−2, j = θ−1
and E˜q projects onto E˜q′ , q
′ with two components, one of super type A and
another of Cartan type B2.
♦N = 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yiii±1 = λiii±1, i < θ − 1, qii 6= −1;
yθ−1θ−1θ−2 = λθ−1θ−1θ−2; yij = λij , i < j − 1;
yθ−1θ−1θ−1θ = 0; [y(i−1i+1), yi]c = νi, qii = −1, i 6= θ − 1;
[y(θ−2θ), yθ−1θ]c = 0; y
2
i = µi, qii = −1.
Here we apply Lemma A.2 for i = θ − 1, j = θ and E˜q projects onto E˜q′ , q
′
with two components, one of super type A and another of Cartan type A1.
♦N = 3. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yiii±1 = λiii±1, i < θ − 1, qii 6= −1;
yθ−1θ−1θ−2 = λθ−1θ−1θ−2; yij = λij , i < j − 1;
yθθθ−1 = 0; [y(i−1i+1), yi]c = νi, qii = −1, i 6= θ − 1;
y2i = µi, qii = −1; [[y(θ−2θ), yθ−1]c, yθ−1]c = λ(θ−2θ).
Here, qθ−2θ−2 = q if λ(θ−2θ) 6= 0; hence we work as for Cartan type Cθ.
For the diagram Aθ−2(q; i1, . . . , ij)
q −1
◦
q−2 q2
◦ , there are 2 cases:
♦N 6= 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
y2i = µi, qii = −1; yiii±1 = 0, i < θ − 1, qii 6= −1;
yij = λij, i < j − 1; [[yθ−2θ−1, y(θ−2θ)]c, yθ−1]c = 0, qθ−2θ−2 = −1;
[[[y(θ−3θ), yθ−1]c, yθ−2]c, yθ−1]c = 0, qθ−2θ−2 6= −1;
yθθθ−1 = λθθθ−1; [y(i−1i+1), yi]c = νi, qii = −1, i 6= θ − 1.
If λθθθ−1 = 0, then we apply Lemma A.2 for i = θ− 1, j = θ and E˜q projects
onto E˜q′ , q
′ with two components, one of super type A and another of type
A1. If λθθθ−1 6= 0, then either qθ−2θ−2 6= −1, or else qθ−2θ−2 = −1, νθ−2 = 0;
in both cases we apply Lemma A.2 for i = θ − 2, j = θ − 1 and E˜q projects
onto E˜q′ , q
′ with two components, of super types Aθ−2 and A2.
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♦N = 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij, i < j − 1; yiii±1 = λiii±1, i < θ − 1, qii 6= −1;
[[yθ−2θ−1, y(θ−2θ)]c, yθ−1]c = λ(θ−2θ), qθ−2θ−2 = −1;
y2θ−1θ = µθ−1θ; [[[y(θ−3θ), yθ−1]c, yθ−2]c, yθ−1]c = 0, qθ−2θ−2 6= −1;
y2i = µi, qii = −1; [y(i−1i+1), yi]c = νi, qii = −1, i 6= θ − 1.
First consider qθ−2θ−2 6= −1. If λiii±1 6= 0, i = θ − 2, µθ−1θ 6= 0, then
we apply Lemma A.2 for i = θ − 4, j = θ − 3 and E˜q projects onto E˜q′ ,
q′ with two components, one of super type Aθ−4 and another with matrix(
−1 q −1 1
−1 q −1 ±1
−1 q −1 −1
1 ±1 1 −1
)
; this algebra is not zero, see CDrk4a.log. If µθ−1θ = 0,
then we apply Lemma A.2 for i = θ − 1, j = θ and E˜q projects onto E˜q′ , q
′
with two components, one of super type Aθ−1 and another of type A1. If
λθ−2θ−2θ−1 = 0, then we apply Lemma A.2 for i = θ − 2, j = θ − 1 and
E˜q projects onto E˜q′ , q
′ with two components, one of super type Aθ−2 and
another of Cartan type A2. If λθ−2θ−2θ−3 = 0, then we apply Lemma A.2
for i = θ − 3, j = θ − 2 and E˜q projects onto E˜q′ , q
′ with two components,
one of super type Aθ−3 and the other is a subalgebra of CDrk4a.log.
Now fix qθ−2θ−2 = −1. A similar analysis reduces to the case νθ−2 6= 0,
λ(θ−2θ) 6= 0; here, we apply Lemma A.2 for i = θ−4, j = θ−3 and E˜q projects
onto E˜q′ , q
′ with two components, one of super type Aθ−4 and another with
matrix
(
−1 qa−1 a2 −a−4
a −1 a−1 a3
a−2 qa −1 a−2
−a4 a−3 −a2 −1
)
, a 6= 0; this algebra is not zero, see CDrk4b.log.
For the diagram
−1
◦
q−1
q2
❄❄
❄❄
❄❄
❄❄
Aθ−3(q; i1, . . . , ij)
q−1
q
◦
q−1
−1
◦
there are 2 cases:
♦N 6= 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yiii±1 = 0, i <θ − 1, qii 6= −1;
yθ−2θ−2θ = 0; [y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 3;
y2i = µi, qii = −1; yij = λij , i < j − 1, i 6= θ − 2;
y(θ−2θ) + qθ−1θ(1 + q
−1)[yθ−2θ, yθ−1]c − qθ−2θ−1(1− q
2)yθ−1yθ−2θ = 0.
Here we apply Lemma A.3 for i = θ − 2, j = θ − 1, k = θ, and E˜q projects
onto E˜q′ , q
′ with two components, of super type Aθ−1 and of type A1.
♦N = 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
y2i = µi, qii = −1; yij = λij , i < j − 1, i 6= θ − 2;
yθ−2θ−2θ = λθ−2θ−2θ; yiii±1 = λiii±1, i < θ − 1, qii 6= −1;
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y2θ−1θ = µθ−1θ; [y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 3;
y(θ−2θ) + qθ−1θ(1 + q
−1)[yθ−2θ, yθ−1]c − qθ−2θ−1(1− q
2)yθ−1yθ−2θ = 0.
Note that λθ−2θ−2θλθ−2θ−2θ−1 = 0, so we may assume λθ−2θ−2θ = 0. If
µθ−1θ = 0 (respectively, µθ−1θ 6= 0, λθ−2θ−2θ−1 = 0), then we apply Lemma
A.3 for i = θ − 2, j = θ − 1, k = θ (respectively i = θ − 1, j = θ − 2, k = θ)
and E˜q projects onto E˜q′ , q
′ with two components, one of super type Aθ−1 and
another of type A1. If µθ−1θλθ−2θ−2θ−1 6= 0, λθ−2θ−2θ−3 = 0, then we apply
Lemma A.2 for i = θ− 1, j = θ− 3 and E˜q− 2 projects onto E˜q′ , q
′ with two
components, one of super type Aθ−2 and a subalgebra of that in CDrk4c.log.
If µθ−1θλθ−2θ−2θ−1λθ−2θ−2θ−3 6= 0, then νθ−3 = 0 and we apply Lemma A.2
for i = θ − 4, j = θ − 3: E˜q projects onto E˜q′ , q
′ with two components, one
of super type Aθ−4 and another with matrix
(
−1 q −1 −1
−1 q −1 ±1
−1 q −1 1
−1 ±q−1 −1 −1
)
; this algebra
is not zero, see CDrk4c.log.
For the diagram
−1
◦
q−1
q2
❄❄
❄❄
❄❄
❄❄
Aθ−3(q; i1, . . . , ij) q
−1
◦
q−1
−1
◦
there are 2 cases:
♦N 6= 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
[yθ−3θ−2θ, yθ−2]c = ν
′
θ−2; yiii±1 = λiii±1, i < θ − 2, qii 6= −1;
[y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 3;
y2i = µi, qii = −1 yij = λij , i < j − 1, i 6= θ − 2;
y(θ−2θ) + qθ−1θ(1 + q
−1)[yθ−2θ, yθ−1]c − qθ−2θ−1(1− q
2)yθ−1yθ−2θ = 0.
Here, νθ−2ν
′
θ−2 = 0, we assume ν
′
θ−2 = 0. Thus we apply Lemma A.3 for
i = θ− 2, j = θ− 1, k = θ and E˜q projects onto E˜q′ , q
′ with two components,
of super type Aθ−1 and of type A1.
♦N = 4. Then E˜q is generated by yi, i ∈ Iθ, with defining relations
yij = λij , i < j − 1, i 6= θ − 2; y
2
θ−1θ = µθ−1θ
yiii±1 = λiii±1, i < θ − 2, qii 6= −1; [yθ−3θ−2θ, yθ−2]c = ν
′
θ−2;
[y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 3; y
2
i = νi, qii = −1;
y(θ−2θ) + qθ−1θ(1 + q
−1)[yθ−2θ, yθ−1]c − 2qθ−2θ−1yθ−1yθ−2θ = 0.
Note that νθ−2λ
′
θ−2 = 0, so we may assume ν
′
θ−2 = 0. If either µθ−1θ = 0
or else µθ−1θ 6= 0, νθ−2 = 0, then we apply Lemma A.3 and E˜q projects onto
E˜q′ , q
′ with two components, one of super type Aθ−1 and another of type A1.
If µθ−1θνθ−2 6= 0, then qθ−3θ−3 = −1 and νθ−3 = 0; hence we apply Lemma
A.2 for i = θ−4, j = θ−3 and E˜q projects onto E˜q′ , q
′ with two components,
one of super type Aθ−4 and another of Cartan type C4.
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For the diagram
q
◦
q−1
Aθ−3(q; i1, . . . , ij)
q−1
q
◦
q−1
q
◦
the algebra E˜q is gen-
erated by yi, i ∈ Iθ, with defining relations
y2i = νi, qii = −1 yiii±1 = λiii±1, i < θ − 1, qii 6= −1;
yθ−2θ−2θ = λθ−2θ−2θ; yθ−1θ = 0;
yθ−1θ−1θ−2 = λθ−1θ−1θ−2; yij = λij , i < j − 1, i 6= θ − 2;
yθθθ−2 = λθθθ−2; [y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 3.
If N 6= 3, then λθ−2θ−2θ = λθθθ−2 = λθ−1θ−1θ−2 = λθ−2θ−2θ−1 = 0; if N = 3,
then either λθ−2θ−2θ = λθθθ−2 = 0, or else λθ−1θ−1θ−2 = λθ−2θ−2θ−1 = 0.
Thus we may assume λθ−2θ−2θ = λθθθ−2 = 0: We apply Lemma A.2 for
i = θ − 2, j = θ and E˜q projects onto E˜q′ , q
′ with two components, one of
super type Aθ−1 and another of type A1.
For the diagram
q
◦
q−1
Aθ−3(q; i1, . . . , ij) q
−1
◦
q−1
q
◦
the algebra E˜q is gen-
erated by yi, i ∈ Iθ, with defining relations
y2i = µi, qii = −1; yiii±1 = λiii±1, i < θ − 2, qii 6= −1;
[yθ−3θ−2θ, yθ−2]c = ν
′
θ−2; yθ−1θ = 0;
yθ−1θ−1θ−2 = λθ−1θ−1θ−2; yij = λij, i < j − 1, i 6= θ − 2;
yθθθ−2 = λθθθ−2; [y(i−1i+1), yi]c = νi, qii = −1, i ≤ θ − 2.
As above, we may restrict to θ = 4 and N = 4. As ν2ν
′
2 = 0, hence we
may assume ν ′2 = 0. Assume that q11 = −1, then ν2 = 0 and we apply
Lemma A.2 for (i, j) = (1, 2). Otherwise, q11 = q
−1. If only ν2 6= 0, we can
project onto smaller ranks by Lemma A.4. Hence, we can restrict to the case
ν2 = 0 as described in §A.2.5. We can further project to smaller rank unless
λ112λ332λ442 6= 0, when q =
 q−1 −1 a−1q b−1q−1 −1 q q
a −1 q c−1
b −1 c q
, for a, b, c ∈ {±q}. In any
case, E˜q 6= 0, see CDrk4d.log.
A.5.4. Type D(2, 1;α), q, r, s 6= 1, qrs = 1. The Weyl groupoid has four
objects.
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For
−1
◦
s
q
−1
◦
r −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
2
2 = λ2; y
2
3 = λ3;
y(13) −
1− s
q23(1− r)
[y13, y2]c − q12(1− s)y2y13 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
q
◦
q−1 −1
◦
r−1 r
◦ , q, r, s 6= −1, the algebra E˜q is generated by yi,
i ∈ I3, with defining relations
y22 = λ2; y112 = λ1; y332 = λ3; y13 = 0,
with λ1λ3 = 0. This algebra is nonzero by Lemma A.4applied to either i = 1
or i = 3, according to λ1 = 0 or λ3 = 0.
For the same diagram and q = −1, r, s 6= −1, E˜q is generated by yi, i ∈ I3,
with defining relations
y21 = λ1; y
2
2 = λ2; y
2
12 = λ4; y332 = λ3; y13 = 0.
Here λ3 6= 0 only if r ∈ G4. If λ3 = 0, then this algebra is nonzero as it
projects onto an algebra of Cartan type A2. Similarly, a projection to the
rank-two case shows that E˜q 6= 0 if λ1 = λ2 = λ4 = 0.
Assume λ3 6= 0 and pick ǫ ∈ k such that ǫ
2 = 1, i.e. ǫ = ±r2. Then:
λ1λ4 6= 0 only if q =
(−1 1 ǫ
−1 −1 r
ǫ r2 r
)
. λ2 6= 0 only if q =
( −1 ǫ x
−ǫ −1 r
x−1 r2 r
)
, with x2 = ǫ.
In any case, E˜q 6= 0, see d21a.log.
The remaining two generalized Dynkin diagrams are of the shape of of the
last one, but with s instead of q, respectively with s instead of r.
A.5.5. Type F(4), N > 3. The Weyl groupoid has objects with generalized
Dynkin diagrams of six possible shapes.
For the diagram
q2
◦
q−2 q2
◦
q−2 q
◦
−1
◦
q−1
, there are 2 cases:
♦N > 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y13 = 0; y14 = 0; y24 = 0;
y112 = 0; y221 = 0; y223 = λ223;
y334 = 0; y3332 = λ3332; y
2
4 = µ4.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components, one of type B3 and another of type A1.
♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y13 = 0; y14 = λ14; y24 = λ24;
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y334 = λ334; [y(13), y2]c = 0; [y23, y(24)]c = λ(24);
y3332 = 0; y
2
4 = µ4; y
2
12 = µ12.
If λ(24) = 0, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects
onto E˜q′ , q
′ with two components, one of type A2 and another of super type
A2. If λ(24) 6= 0 but all the other λ’s are 0, then we apply Lemma A.4 for
i = 1 and E˜q projects onto E˜q′ , q
′ of type super C3. The general case follows
by applying Lemma 3.4.
For the diagram
q2
◦
q−2 q2
◦
q−2 −1
◦
−1
◦
q
, there are 2 cases:
♦N > 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y13 = 0; y112 = λ112; y24 = 0; y
2
3 = µ3;
y14 = 0; y221 = λ221; y223 = 0; y
2
4 = µ4; [[y43, y432]c, y3]c = 0.
Here we apply Lemma A.2 for i = 2, j = θ − 3 and E˜q projects onto E˜q′ , q
′
with two components, one of type A2 and another of super type A2.
♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y13 = λ13; y14 = λ14; [y(13), y2]c = ν2; y
2
3 = µ3;
y223 = µ23; y24 = λ24; [[y43, y432]c, y3]c = λ432; y
2
4 = µ4.
If ν2 = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto
E˜q′ , q
′ with two components, one of type A1 and another of super type CD.
If ν2 6= 0, then λ432 = 0 and we apply Lemma A.2 for (i, j) = (3, 4): E˜q
projects onto E˜q′ , q
′ with two components, of types A3 and A1.
For the diagram
q2
◦
q−2 q2
◦
q−2 −1
◦
q3 q−3
◦ , there are 3 cases:
♦N 6= 4, 6. Then E˜q is generated by yi, i ∈ I4, with defining relations
y443 = λ443; y
2
3 = µ3; y13 = λ13; y14 = 0; y24 = 0;
y112 = 0; y221 = 0; y223 = λ223; [[[y432, y3]c,[y4321, y3]c]c, y32]c = 0.
Herewe apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, one of type A1 and another of super type D(2, 1;α).
♦N = 6. Then E˜q is generated by yi, i ∈ I4, with defining relations
y23 = µ2; y
2
34 = 0; y13 = 0; y14 = 0; y24 = 0;
y112 = λ112; y221 = λ221; y223 = 0; [[[y432, y3]c, [y4321, y3]c]c, y32]c = 0.
Here, E˜q/〈y23〉 ≃ E˜q′ , q
′ with two components of type A2.
♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y23 = µ3; y13 = λ13; y14 = 0; [y(13), y2]c = ν2;
y443 = λ443; y
2
23 = µ23; y24 = 0; [[[y432, y3]c,[y4321, y3]c]c, y32]c = 0.
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If ν2 = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto
E˜q′ , q
′ with two components, one of type A1 and another of super type CD.
If ν2 6= 0, then λ443 = 0; now we apply Lemma A.2 for (i, j) = (3, 4) and E˜q
projects onto E˜q′ , q
′ with two components, of types A3 and A1.
For the diagram
q2
◦
q−2 q
◦
q−1 −1
◦
q3 q−3
◦ , there are 3 cases:
♦N 6= 4, 6. Then E˜q is generated by yi, i ∈ I4, with defining relations
y23 = µ3; y13 = 0; y14 = 0; y24 = 0;
y443 = λ443; y112 = λ221; y2221 = λ2221; y223 = 0;
[[y(14), y2]c, y3]c − q23(q
2 − q)[[y(14), y3]c, y2]c = 0.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components, one of type B2 and another of super type A2.
♦N = 6. Then E˜q is generated by yi, i ∈ I4, with defining relations
y23 = µ3; y13 = 0; y14 = 0; y24 = 0;
y234 = µ34; y112 = 0; y2221 = 0; y223 = 0;
[[y(14), y2]c, y3]c − q23(q
2 − q)[[y(14), y3]c, y2]c = 0.
The proof is as for N 6= 4, 6.
♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y23 = µ3; y13 = λ13; y14 = 0; y24 = 0;
y443 = λ443; [y12, y(13)]c = λ(13); y2221 = 0; y223 = λ223;
[[y(14), y2]c, y3]c − q23(q
2 − q)[[y(14), y3]c, y2]c = 0.
If λ(13) = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto
E˜q′ , q
′ with two components, one of type A1 and another of type D(2, 1;α).
If λ(13) 6= 0 but all the other λ’s are 0, then we apply Lemma A.2 for
(i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with two components of types B3
and A1. The general case follows by applying Lemma 3.4.
For the diagram
q
◦
q−1
✄✄
✄✄
✄✄
✄✄
q−1
q2
◦
q−2 −1
◦
q2 −1
◦
there are 2 cases:
♦N > 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y22 = µ2; y13 = 0; y14 = 0; y112 = λ112;
y23 = µ3; y442 = 0; y443 = 0; [y(13), y2]c = 0;
y(24) − q34q[y24, y3]c − q23(1− q
−1)y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (2, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of super type A2.
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♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y22 = µ2; y13 = λ13; y14 = 0; y
2
12 = µ12;
y23 = µ3; y442 = λ442; y443 = λ443; [y(13), y2]c = ν2;
y(24) − q34q[y24, y3]c − q23(1− q
−1)y3y24 = 0.
If λ442 6= 0, then ν2 = λ443 = 0, so we apply Lemma A.3 for (i, j, k) = (3, 2, 4)
and E˜q projects onto E˜q′ , q
′ with two components, of types A1 and C3. If
λ443 6= 0, then ν2 = λ442 = 0, so we apply Lemma A.3 for (i, j, k) = (2, 3, 4)
and E˜q projects onto E˜q′ , q
′ with two components, of types A2 and super A2.
If ν2 6= 0, then λ442 = λ443 = 0, so we apply Lemma A.2 for (i, j, k) = (4, 3, 2)
and E˜q projects onto E˜q′ , q
′ with two components, of types A1 and A3.
For the diagram
−1
◦
q2
✄✄
✄✄
✄✄
✄✄
q−3
q2
◦
q−2 −1
◦
q −1
◦
there are 2 cases:
♦N > 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y22 = µ2; y13 = 0; y14 = 0; [y124, y2]c = 0;
y23 = µ3; y112 = λ112; y
2
4 = µ4; [[y32, y321]c, y2]c = 0;
y(24) + q34
1− q3
1− q2
[y24, y3]c − q23(1− q
−3)y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (2, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of super type A2.
♦N = 4. Then E˜q is generated by yi, i ∈ I4, with defining relations
y22 = µ2; y13 = λ13; y14 = λ14; [y124, y2]c = ν2;
y23 = µ3; y
2
12 = µ12; y
2
4 = µ4; [[y32, y321]c, y2]c = λ(321);
y(24) + q34
1− q3
1− q2
[y24, y3]c − q23(1− q
−3)y3y24 = 0.
If λ(321) = 0, then we apply Lemma A.3 for (i, j, k) = (3, 2, 4) and E˜q projects
onto E˜q′ , q
′ with two components, of types A1 and A3. If λ(321) 6= 0, then
ν2 = 0, so we apply Lemma A.3 for (i, j, k) = (4, 2, 3) and E˜q projects onto
E˜q′ , q
′ with two components, of types A1 and A3.
A.5.6. Type G(3), N > 3. The Weyl groupoid has four objects.
For
−1
◦
q−1 q
◦
q−3 q3
◦ , N 6= 4, 6, the algebra E˜q is generated by yi,
i ∈ I3, with defining relations
y13 = 0; y221 = 0; y332 = 0; y22223 = λ2; y
2
1 = λ1,
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with λ1λ2 = 0. If λ1 6= 0, then E˜q projects onto k〈y1|y
2
1 = λ1〉 by Lemma
A.4 applied twice, to i = 2, 3. If λ2 6= 0, then E˜q projects onto a algebra
related to Cartan case G2 by the same Lemma applied to i = 1.
When N = 6, E˜q is generated by yi, i ∈ I3, with defining relations
y13 = λ3; y221 = 0; [y12, y(13)]c = 0; y22223 = 0; y
2
1 = λ1.
Now E˜q 6= 0 by applying Lemma A.4 for i = 2.
For N = 4, E˜q is generated by yi, i ∈ I3, with defining relations
y13 = 0; y221 = λ2; [[[y(13),y2]c, y2]c, y2]c = 0; y332 = 0; y
2
1 = λ1.
The longest relation is undeformed by g3aN4.log. Here E˜q projects onto a
nonzero algebra of Cartan case A2, by Lemma A.4 applied to i = 3.
For
−1
◦
q −1
◦
q−3 q3
◦ , N 6= 6, the algebra E˜q is generated by yi, i ∈ I3,
with defining relations
y13 = 0; y332 = λ3; [[y12,[y12, y(13)]c]c, y2]c = 0; y
2
1 = λ1; y
2
2 = λ2.
The third relation is undeformed by g3b.log. Here λ3 6= 0 only when N =
12. In any case E˜q 6= 0 by Lemma A.2 applied to (i, j) = (1, 2).
When N = 6, E˜q is generated by yi, i ∈ I3, with defining relations
y13 = λ3; y
2
23 = λ5; [[y12,[y12, y(13)]c]c, y2]c = λ4; y
2
1 = λ1; y
2
2 = λ2.
If λ4 = 0, then we apply again Lemma A.2 for (i, j) = (1, 2). If λ4 6= 0, then
q =
(
−1 a −a−4
a−1q −1 −a3
−a4 a−3 −1
)
. Here, E˜q 6= 0 by g3b2.log.
For
−q−1
◦
q2 −1
◦
q−3 q3
◦ , N 6= 6, the algebra E˜q is generated by yi,
i ∈ I3, with defining relations
y13 = λ3; y332 = λ4; y1112 = 0; y
2
2 = λ2;
[y1,[y123, y2]c]c =
q12q32
1 + q
[y12, y123]c − q
−1(1− q−1)q12q13y123y12.
Here λ3 6= 0 only if N = 4 and λ4 6= 0 only if N = 12; also λ2λ3 = 0. Hence,
we can project onto a case of smaller rank and E˜q 6= 0. The longest relation
is undeformed by g3c.log.
When N = 6, E˜q is generated by yi, i ∈ I3, with defining relations
y13 = 0; y
2
23 = λ3; [y112, y12]c = λ1; y
2
2 = λ2;
[y1,[y123, y2]c]c =
q12q32
1 + q
[y12, y123]c − q
−1(1− q−1)q12q13y123y12.
The longest relation is undeformed by g3c.log. If λ1 = 0, then we apply
Lemma A.2 for (i, j) = (1, 2) and E˜q 6= 0. If λ1 6= 0 but λ2 = λ3 = 0, then
we apply Lemma A.4 for i = 3. The general case follows from Lemma 3.4.
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For
q
◦
q−2
q−1
−1
◦
q3 −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y1112 = λ1; y
2
2 = λ2; y
2
3 = λ3; y113 = λ4;
y(13) + q
−2q23
1− q3
1− q
[y13, y2]c − q12(1− q
3)y2y13 = 0.
If λ1 = λ4 = 0, then E˜q 6= 0 by [A+, Lemma 5.16]. Now, λ1 6= 0 only if
N = 6 and λ4 6= 0 only if N = 4. If λ1 6= 0 and λ3 = 0 or if λ4 6= 0 and
λ2 = 0 we may project onto a case of smaller rank. Indeed, λ2λ4 6= 0 and
we can have λ1λ3 6= 0 only if q =
(
q −1 ±1
q −1 ±1
±q−1 ±q−1 −1
)
. In this case, E˜q 6= 0 by
g3d.log.
A.6. Modular type, characteristic 3.
A.6.1. Type br(2, a), ζ ∈ G3, q /∈ G3. The Weyl groupoid has two objects:
ζ
◦
q−1 q
◦ and
ζ
◦
ζ2q ζq−1
◦ . Notice that the right hand diagram is of the
shape of the left hand one, with ζq−1 instead of q. Therefore, we only have
to analyze one of them: we concentrate on the later.
If q 6= −1, then the algebra E˜q is generated by y1, y2 with defining relations
y31 = λ1; y221 = λ2,
with λ1λ2 = 0. Also, λ2 = 0 unless q = −ζ and q =
(
ζ −ζ
ζ −ζ
)
. This algebra is
nonzero: If λ1 6= 0, this is [A+, Lemma 5.16]. When λ2 6= 0, see br2a-q.log.
If q = −1, then the algebra E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [y112, y12]c = λ3,
with, λ3 = 0 unless q =
(
ζ −1
1 −1
)
. This algebra is nonzero, see br2a-1.log.
A.6.2. Type br(3), ζ ∈ G′9. The Weyl groupoid has two objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
3
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = 0; y112 = 0; y
3
3 = λ1; [[y332,y3321]c, y32]c = 0; y221 = 0; y223 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ ζ
4
◦
ζ4 ζ
3
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = 0; y112 = 0; y
3
3 = λ1; y2221 = 0; y223 = 0;
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[[y(13), y2]c, y3]c − (1 + ζ
4)−1q23[[y(13), y3]c, y2]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
A.7. Super modular type, characteristic 3.
A.7.1. Type brj(2; 3), ζ ∈ G′9. The Weyl groupoid has three objects.
For
−ζ
◦
ζ
2
ζ3
◦ , E˜q is generated by y1, y2 with defining relations
y32 = λ2; [y1, [y12, y2]c]c +
ζ5(1− ζ)q12
1− ζ7
y212 = 0; y1112 = 0.
This algebra is nonzero as it projects onto k〈y2|y
3
2 = λ2〉.
For
ζ3
◦
ζ −1
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [y112, [y112, y12]c]c = 0,
with λ1λ2 = 0. The last relation is undeformed, see brj23.log. Hence this
algebra is nonzero by [A+, Lemma 5.16].
For
−ζ2
◦
ζ −1
◦ , E˜q is generated by y1, y2 with defining relations
y22 = λ2; [y112, y12]c = 0; y111112 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
A.7.2. Type g(1, 6), ζ ∈ G′3 ∪G
′
6. The Weyl groupoid has two objects.
For
ζ
◦
ζ ζ
◦
ζ
2
−1
◦ , ζ ∈ G′6, the algebra E˜q is generated by yi, i ∈ I3,
with defining relations
y13 = 0; y112 = 0; y221 = 0; y2223 = λ2223; y
2
3 = µ3.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of super type A2 and A1.
For
ζ
◦
ζ −ζ
◦
ζ2 −1
◦ , ζ ∈ G′6, the algebra E˜q is generated by yi, i ∈ I3,
with defining relations
y13 = 0; y112 = 0; y
2
3 = µ3; [y223, y23]c = λ23;
[y2, [y21, y23]c]c + q13q23q21[y223, y21]c + q21y21y223 = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of super type B2 and A1.
For
ζ
◦
ζ ζ
◦
ζ
2
−1
◦ , ζ ∈ G′3, the algebra E˜q is generated by yi, i ∈ I3,
with defining relations
y13 = 0; y112 = λ112; [[y(13),y2]c, y2]c = 0;
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y23 = µ3; y221 = λ221; [y223, y23]c = λ23.
If λ23 = 0, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects
onto E˜q′ , q
′ with two components, of types A2 and A1. If λ23 6= 0, then
λ112 = λ221 = 0, so we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects
onto E˜q′ , q
′ with two components, of types A1 and super B2.
For
ζ
◦
ζ −ζ
◦
ζ2 −1
◦ , ζ ∈ G′3, the algebra E˜q is generated by yi, i ∈ I3,
with defining relations
y13 = 0; y112 = 0; y2221 = 0; y2223 = λ2223; y
2
3 = µ3;
[y1, y223]c + q23[y(13), y2]c + (ζ
2 − ζ)q12y2y(13) = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of super type B2 and A1.
A.7.3. Type g(2, 3), ζ ∈ G′3. The Weyl groupoid has four objects.
For
−1
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = λ13; y221 = 0; y
2
1 = µ1; y
2
3 = µ3;
[y223, y23]c = λ23; [[y(13), y2]c, y2]c = λ(13).
If λ(13) = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects
onto E˜q′ , q
′ with two components, of types A1 and super B2. If λ(13) 6= 0,
then q =
(
−1 b −b−3
ζ2b−1 ζ ζb
−b3 b−1 −1
)
, b 6= 0; this algebra is not zero, see g23-1.log.
For
−1
◦
ζ −1
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = λ13; y
2
1 = µ1; y
2
2 = µ2; y
2
3 = µ3;
[[y12, y(13)]c, y2]c = λ123; [[y32, y321]c, y2]c = λ321.
If λ123 = λ321 = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q
projects onto E˜q′ , q
′ with two components, of types A1 and super A2. If
λ123 6= 0 (similar for λ321 6= 0), then q =
(
−1 b b−3
ζb−1 −1 −ζb2
b3 −b−2 −1
)
, b 6= 0; this
algebra is not zero, see g23-2.log. Observe that λ123λ321 6= 0 only if b
3 =
−1.
For
−1
◦
ζ −ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = λ13; y2221 = λ2221; y2223 = λ2223; y
2
1 = µ1; y
2
3 = µ3;
[y1, y223]c + q23[y(13), y2]c − (1− ζ)q12y2y(13) = 0.
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As λ2221λ2223 = 0, we may assume λ2221 = 0. Hence we apply Lemma A.2
for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with two components, of types
super B2 and A1.
For
ζ
◦
ζ
ζ
−1
◦
ζ ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y112 = 0; y113 = 0; y331 = 0; y332 = 0; y
2
2 = µ2;
y(13) − q23ζ[y13, y2]c − q12(1− ζ)y2y13 = 0.
Here we apply Lemma A.3 for (i, j, k) = (2, 1, 3) and E˜q projects onto E˜q′ , q
′
with two components, of types A2 and A1.
A.7.4. Type g(3, 3), ζ ∈ G′3. The Weyl groupoid has six objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y223 = 0; y13 = λ13; y14 = 0; y112 = λ112; [y3321,y32]c = λ321;
y334 = 0; y
2
4 = µ4 y24 = 0; y221 = λ221; [[y(24),y3]c, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components, of types B3 and A1.
For
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
3 = µ3; y14 = 0; y112 = λ112; [[y43,y432]c, y3]c = 0;
y24 = 0; y24 = 0; y221 = λ221; y223 = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components, of types super A3 and A1.
For
−1
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y
2
3 = µ3; y14 = 0; y34 = λ34; [y124,y2]c = 0;
y24 = µ4; y112 = 0; y
2
2 = µ2; [y324,y2]c = ν2.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super A3 and A1.
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For
−1
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y
2
3 = µ3; y14 = 0; y34 = λ34; y112 = λ112;
y24 = µ4; y221 = λ221; y223 = 0; y224 = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components, of types super A3 and A1.
For
−1
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y
2
3 = µ3; y14 = 0; y34 = λ34; [[y(13),y2]c, y2]c = 0;
y112 = 0; y
2
4 = µ4; y223 = 0; y224 = 0; [[y124,y2]c, y2]c = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super A3 and A1.
For
−1
◦
ζ
ζ
❁❁
❁❁
❁❁
❁❁
❁
ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = λ13; y
2
2 = µ2; y14 = 0; y112 = 0; [y(13),y2]c = ν2;
y24 = µ4; y332 = 0; y334 = 0; [y124,y2]c = 0;
y(24) − ζq34[y24, y3]c − q23(1− ζ)y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (4, 2, 3) and E˜q projects onto E˜q′ , q
′
with two components, of types super A3 and A1.
A.7.5. Type g(4, 3), ζ ∈ G′3. The Weyl groupoid has ten objects.
For
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = λ13; y
2
2 = µ2; y14 = 0; y24 = λ14; [[y(24),y3]c, y3]c = λ(24);
[y(13), y2]c = ν2; y
2
4 = µ4; y112 = 0; y332 = 0; [y334,y34]c = λ34.
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If ν2 = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto
E˜q′ , q
′ with two components, of types super g(2, 3) and A1. If ν2 6= 0, then
λ(24) = λ34 = 0, so we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects
onto E˜q′ , q
′ with two components, of types super A3 and A1.
For
ζ
◦
ζ −1
◦
ζ −ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
4 = µ4; y14 = 0; y24 = λ24; [y(13), y2]c = 0;
y22 = µ2; y112 = 0; y3332 = λ3332; y3334 = λ3334;
[y2, y334]c − q34[y(24), y3]c + (ζ
2 − ζ)q23y3y(24) = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(2, 3) and A1.
For
−1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈
I4, with defining relations
y21 = µ1; y
2
2 = µ2; y13 = λ13; [y(13), y2]c = ν2;
y23 = µ3; y14 = λ14; [[y23,y(24)]c, y3]c = λ234;
y24 = µ4; y24 = λ24; [[y43,y432]c, y3]c = λ432.
If ν2 = 0, then we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto
E˜q′ , q
′ with two components, of types super g(2, 3) and A1. If ν2 6= 0, then
λ234 = λ432 = 0, so we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects
onto E˜q′ , q
′ with two components, of types super A3 and A1.
For
−1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = λ13; y
2
3 = µ3; y14 = λ14; y24 = 0; [[y43,y432]c, y3]c = 0;
y24 = µ4; y221 = 0; y223 = 0; y
2
1 = µ2.
This algebra is nonzero by [A+, Lemma 5.16].
For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
[y(13), y2]c = 0; y
2
1 = µ1; y13 = 0; [[y(24), y3]c, y3]c = λ(24);
y334 = 0; y
2
2 = µ2; y14 = λ14; [y3321, y32]c = 0;
y24 = µ4; y24 = λ24; [y332, y32]c = λ32.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(2, 3) and A1.
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For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
1 = µ1; y14 = λ14; y24 = 0; [[y(24),y3]c, y3]c = 0;
y334 = 0; y
2
4 = µ4; y221 = 0; y223 = 0; [y3321,y32]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y
2
2 = µ2; y14 = λ14; y34 = 0; [y124,y2]c = ν
′
2;
[y(13), y2]c = 0; y
2
3 = µ3; y112 = 0; y442 = 0; [[y32,y324]c, y2]c = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super CD and A1.
For
−1
◦
ζ
ζ
❁❁
❁❁
❁❁
❁❁
−1
◦
ζ ζ
◦
ζ ζ
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y14 = λ14; y221 = 0; y223 = λ223; y224 = 0;
y332 = λ332; y334 = 0; y
2
1 = µ1; y
2
4 = µ4;
y(24) − ζq34[y24, y3]c − (1− ζ)q23y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (4, 2, 3) and E˜q projects onto E˜q′ , q
′
with two components, of types super A3 and A1.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y442 = 0; y14 = λ14; y34 = 0; [[y124,y2]c, y2]c = λ124;
y23 = 0; y223 = 0; y112 = λ112; y221 = λ221; [[y324,y2]c, y2]c = 0.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components, of types C3 and A1.
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For
−1
◦
ζ
ζ
❁❁
❁❁
❁❁
❁❁
−1
◦
ζ −1
◦
ζ ζ
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y
2
2 = µ2; y14 = λ14; y332 = 0; y334 = 0;
y24 = µ4; [y(13),y2]c = 0; y
2
1 = µ1; [y124,y2]c = ν
′
2;
y(24) − ζq34[y24, y3]c − (1− ζ)q23y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (3, 2, 4) and E˜q projects onto E˜q′ , q
′
with two components, of types super A3 and A1.
A.7.6. Type g(3, 6), ζ ∈ G′3. The Weyl groupoid has seven objects.
For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
4 = µ4; y14 = λ14; y24 = 0; [[y(24),y3]c, y3]c = 0;
y332 = λ332; y
2
1 = 0; y221 = 0; y223 = λ223; [y334,y34]c = λ34.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(1, 6) and A1.
For
−1
◦
ζ ζ
◦
ζ −ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
1 = µ1; y14 = λ14; y24 = 0; y221 = 0;
y24 = µ4; y223 = 0; y3332 = 0; y3334 = λ3334;
[y2, y334]c + q34[y(24), y3]c + (ζ
2 − ζ)q23y3y(24) = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(1, 6) and A1.
For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y21 = µ1; y13 = 0; y14 = λ14; y24 = λ24; [[y(24),y3]c, y3]c = λ(24);
y22 = µ2; y
2
4 = µ4; y332 = 0; [y(13),y2]c = 0; [y334,y34]c = λ34.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types g(2, 3) and A1.
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For
−1
◦
ζ −1
◦
ζ −ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈
I4, with defining relations
y13 = 0; y
2
2 = µ2; y14 = λ14; y24 = λ24; [y(13),y2]c = 0;
y24 = µ4; y3332 = λ3332; y3334 = λ3334; y
2
1 = µ1;
[y2, y334]c + q34[y(24), y3]c + (ζ
2 − ζ)q23y3y(24) = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(2, 3) and A1.
For
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y22 = µ2; y13 = 0; y112 = 0; [y332,y32]c = λ32;
y24 = µ4; y14 = 0; y334 = 0; [[y(24),y3]c, y3]c = λ(24);
y24 = λ24; [y(13),y2]c = 0; [y3321,y32]c = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(2, 3) and A1.
For
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y13 = 0; y
2
3 = µ3; [y(13),y2]c = 0; y24 = λ24; [[y23,y(24)]c, y3]c = λ234;
y14 = 0; y
2
4 = µ4; y112 = 0; y
2
2 = µ2; [[y43,y432]c, y3]c = λ432.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components, of types super g(2, 3) and A1.
For
−1
◦
ζ
ζ
❁❁
❁❁
❁❁
❁❁
ζ
◦
ζ ζ
◦
ζ ζ
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y13 = 0; y14 = 0; y221 = λ221; y223 = λ223; y224 = 0;
y332 = λ332; y334 = 0; y112 = λ112; y
2
4 = µ4;
y(24) − ζq34[y24, y3]c − (1− ζ)q23y3y24 = 0.
Here we apply Lemma A.3 for (i, j, k) = (4, 2, 3) and E˜q projects onto E˜q′ , q
′
with two components of types A3 and A1.
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A.7.7. Type g(2, 6), ζ ∈ G′3. The Weyl groupoid has four objects.
For
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y112 = λ112; y223 = 0; [[[y(14), y3]c, y2]c, y3]c = 0;
y23 = µ3; y554 = λ554; [[[y5432, y3]c, y4]c, y3]c = 0;
y221 = λ221; y443 = 0; y445 = λ225; yij = λij, i < j, q˜ij = 1.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and A2.
For
−1
◦
ζ
ζ
❅❅
❅❅
❅❅
❅❅
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y
2
3 = µ3; yij = λij , i < j, q˜ij = 1; [y125,y2]c = 0;
y443 = 0; y
2
5 = µ5; [y(13),y2]c = 0; [y(24),y3]c = 0;
y22 = µ2; [y435,y3]c = 0; y235 − q35ζ[y25, y3]c − q23(1− ζ)y3y25 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y223 = 0; y112 = λ112; y221 = λ221; y
2
3 = µ3; [y435, y3]c = 0;
[y(24),y3]c = 0; y
2
4 = µ4; y553 = 0; yij = λij, i < j, q˜ij = 1.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and A2.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y24 = µ4; y553 = λ553; y112 = λ112; y332 = λ332; y221 = λ221;
yij = λij , i < j, q˜ij = 1; y335 = λ335; y223 = λ223; y334 = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A1.
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A.7.8. Type el(5; 3), ζ ∈ G′3. The Weyl groupoid has fifteen objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y221 = λ221; y
2
5 = µ5; y334 = 0; [[y(35),y4]c, y4]c = 0;
y445 = 0; y112 = λ112; yij = λij , i < j, q˜ij = 1;
y223 = λ223; y332 = λ332; [y4432,y43]c = λ432.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types B4 and A1.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y24 = µ4; y112 = λ112; y221 = λ221; [[y54, y543]c, y4]c = 0;
y334 = 0; y
2
5 = µ5; y223 = λ223; y332 = λ332; yij = λij, i < j, q˜ij = 1.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A1.
For
−1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y443 = 0; y445 = λ445; [[y23,y(24)]c, y3]c = 0; y
2
1 = µ1; y
2
2 = µ2
y23 = µ3; y554 = λ554; [y(13),y2]c = ν2; yij = λij , i < j, q˜ij = 1.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and A2.
For
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations yij = λij , i < j, q˜ij = 1;
y22 = µ2; y112 = 0; y445 = λ445; [[y(24),y3]c, y3]c = 0;
y332 = 0; y443 = 0; y554 = λ554; [y3345,y34]c = λ345; [y(13),y2]c = ν2.
If ν2 = 0, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto
E˜q′ , q
′ with two components of types B3 and A2. If ν2 6= 0, then λ345 = 0,
so we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and A2.
For
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈
I5, with defining relations yij = λij, i < j, q˜ij = 1;
y23 = µ3; y445 = λ445; y221 = 0; [[[y5432,y3]c, y4]c, y3]c = 0;
y223 = 0; y
2
1 = µ1; y554 = λ554; y443 = 0; [[[y(14),y3]c, y2]c, y3]c = λ(14).
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If λ(14) = 0, then we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto
E˜q′ , q
′ with two components of types A3, A2. If λ(14) 6= 0 but all the other
λ’s are zero, then we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects
onto E˜q′ , q
′ with two components of types B4, A1. The general case follows
by Lemma 3.4.
For
−1
◦
ζ
⑦⑦
⑦⑦
⑦⑦
⑦⑦
ζ
−1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y22 = µ2; [y125,y2]c = ν
′
2; y
2
3 = µ3; [y(24),y3]c = 0;
[y(13),y2]c = ν2; y
2
5 = µ5; y
2
1 = µ1; [y435,y3]c = 0;
y443 = 0; y235 − q35ζ[y25, y3]c − q23(1− ζ)y3y25 = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super CD and A1.
For
−1
◦
ζ
ζ
⑧⑧
⑧⑧
⑧⑧
⑧⑧
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y23 = µ3; [y(24),y3]c = ν3; y445 = 0; y112 = λ112;
y221 = λ221; y223 = 0; y443 = 0; [y235,y3]c = 0;
y25 = µ5; y(35) − q45ζ[y35, y4]c − q34(1− ζ)y4y35 = 0.
Here we apply Lemma A.3 for (i, j, k) = (5, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
For
−1
◦
ζ
✁✁
✁✁
✁✁
✁✁
ζ
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y21 = µ1; [y(24),y3]c = ν2; y
2
3 = µ3; y221 = 0;
y223 = 0; y
2
5 = µ5; y443 = 0; [y435,y3]c = 0;
y225 = 0; y235 − q35ζ[y25, y3]c − q23(1− ζ)y3y25 = 0.
Here we apply Lemma A.3 for (i, j, k) = (5, 2, 3) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
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For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y112 = 0; y
2
2 = µ2; [y(13),y2]c = ν2; y
2
4 = µ4; [[y235,y3]c, y3]c = 0;
y553 = 0; y332 = 0; y334 = 0; [[y435,y3]c, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y22 = µ2; [[y23,y235]c, y3]c = 0; y
2
3 = µ3; [y(13),y2]c = ν2;
y24 = µ4; y553 = 0; [y(24),y3]c = ν3; y
2
1 = µ1; [y435,y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y21 = µ1; y
2
3 = µ3; y223 = 0; [[[y1235,y3]c, y2]c, y3]c = λ1235;
y221 = 0; [y(24),y3]c = 0; y
2
4 = µ4; y553 = 0; [y435, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super CD and A1.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y21 = µ1; [y(13),y2]c = 0; y
2
2 = µ2; y335 = λ335;
y332 = 0; y
2
4 = µ4; y334 = 0; y553 = λ553.
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Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y22 = µ2; [[y43,y435]c, y3]c = 0; y
2
3 = µ3; [y(24),y3]c = ν3;
y112 = 0; y
2
4 = µ4; [y(13),y2]c = 0; y553 = 0; [y235,y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y21 = µ1; y221 = 0; y553 = λ553; y332 = λ332;
y24 = µ4; y223 = λ223; y334 = 0; y335 = λ335.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations yij = λij, i < j, q˜ij = 1;
y552 = 0; [y(13),y2]c = ν2; y443 = λ443; [[[y4325,y2]c, y3]c, y2]c = 0;
y112 = 0; [y125,y2]c = ν
′
2; y334 = λ334; y332 = 0; y
2
2 = µ2.
If ν ′2 = 0, then we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto
E˜q′ , q
′ with two components of types A4, A1. If ν
′
2 6= 0 but all the other λ’s
are zero, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto
E˜q′ , q
′ with two components of types super A3, A2. The general case follows
by Lemma 3.4.
A.7.9. Type g(8, 3), ζ ∈ G′3. The Weyl groupoid has 21 objects:
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For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦ , the algebra E˜q is generated by yi, i ∈
I5, with defining relations
y221 = 0; y223 = λ223; y332 = λ332; yij = λij, i < j, q˜ij = 1;
y443 = 0; y445 = λ445; [y3345, y34]c = λ345;
y554 = λ554; y
2
1 = µ1; [[y(24), y3]c, y3]c = ν3; .
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of types F4 and A1.
For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y221 = 0; y223 = λ223; y332 = λ332; yij = λij, i < j, q˜ij = 1;
y334 = 0; y445 = 0; [y4432, y43]c = λ432;
y21 = µ1; y
2
5 = µ5; [[y(35), y4]c, y4]c = 0; .
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super B4 and A1.
For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
[y(13),y2]c = 0; y332 = 0; y334 = 0; yij = λij, i < j, q˜ij = 1;
y445 = 0; y
2
1 = µ1; [y4432, y43]c = 0;
y22 = µ2; y
2
5 = µ5; [[y(35), y4]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super B4 and A1.
For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y221 = 0; y223 = λ223; y334 = 0; yij = λij, i < j, q˜ij = 1;
y24 = µ4; y
2
5 = µ5; y332 = λ332; y
2
1 = µ1; [[y54, y543]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super A3 and A2.
For
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y112 = 0; [y443,y43]c = λ43; y445 = 0; yij = λij , i < j, q˜ij = 1;
[y(13),y2]c = 0; y
2
2 = µ2; [y4432, y43]c = 0;
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y25 = µ5; [y(24),y3]c = 0; y
2
3 = µ3; [[y(35), y4]c, y4]c = λ(35).
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types super A2 and g(2, 3).
For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y25 = µ5; y332 = 0; y334 = 0; y
2
1 = µ1; yij = λij , i < j, q˜ij = 1;
[y(13),y2]c = 0; y
2
2 = µ2; y
2
4 = µ4; [[y54, y543]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super A2 and A3.
For
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y23 = µ3; y221 = λ221; y4443 = λ4443; yij = λij , i < j, q˜ij = 1;
y25 = µ5; y112 = λ112; y4445 = λ4445; [y(24), y3]c = 0;
y223 = 0; [y3, y445]c + q45[y(35), y4]c + (ζ − ζ)q34y4y(35) = 0.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types super A2 and g(2, 3).
For
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi, i ∈
I5, with defining relations
y23 = µ3; [y(24),y3]c = ν3; y112 = λ112; y223 = 0;
y25 = µ5; [y445,y45]c = λ45; y221 = λ221; y445 = 0;
yij = λij , i < j, q˜ij = 1; [[y(35), y4]c, y4]c = λ(35).
If ν3 = 0, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto
E˜q′ , q
′ with two components of types super A2 and g(2, 3). If ν3 6= 0, then
λ(35) = λ45 = 0, so we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects
onto E˜q′ , q
′ with two components of types super A4 and A1.
For
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y24 = µ4; y
2
5 = µ5; [y(24),y3]c = ν3; yij = λij , i < j, q˜ij = 1;
y22 = µ2; [y(13),y2]c = 0; [[y34, y(35)]c, y4]c = λ345;
y23 = µ3; y112 = 0; [[y54, y543]c, y4]c = λ543.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of types A1 and g(4, 3).
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For
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈
I5, with defining relations
[y(13),y2]c = 0; y
2
2 = µ2; y112 = 0; y445 = λ445; yij = λij, i < j, q˜ij = 1;
y23 = µ3; y443 = 0; y554 = λ554; [[y23, y(24)]c, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types super A2 and A3.
For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈
I5, with defining relations
y21 = µ1; [y(13),y2]c = 0; y332 = 0; y445 = λ445;
y22 = µ2; [y3345,y34]c = λ
′
(35); y443 = 0; y554 = λ554;
yij = λij , i < j, q˜ij = 1; [[y(35), y4]c, y4]c = λ(35).
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types super A2 and C3.
For
−1
◦
ζ
ζ
❂❂
❂❂
❂❂
❂❂
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = µ1; [y(24),y3]c = ν3; y221 = 0; y223 = 0; yij = λij , i < j, q˜ij = 1;
y23 = µ3; y
2
5 = µ5; y443 = 0; y445 = 0; [y235, y3]c = 0;
y(35) − q45ζ[y35, y4]c − q34(1− ζ)y4y35 = 0.
Here we apply Lemma A.3 for (i, j, k) = (4, 3, 5) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
For
−1
◦
ζ
ζ
❂❂
❂❂
❂❂
❂❂
−1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
[y(13),y2]c = ν2; y443 = 0; y
2
1 = µ1; yij = λij , i < j, q˜ij = 1;
[y(24),y3]c = 0; y445 = 0; y
2
2 = µ2; [y235, y3]c = ν
′
3;
y23 = µ3; y
2
5 = µ5; y(35) − q45ζ[y35, y4]c − q34(1− ζ)y4y35 = 0.
Here we apply Lemma A.3 for (i, j, k) = (4, 3, 5) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
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For
−1
◦
ζ
ζ
❄❄
❄❄
❄❄
❄❄
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
[y(24),y3]c = ν3; y112 = λ112; y223 = 0; yij = λij, i < j, q˜ij = 1;
y443 = 0; y221 = λ221; y225 = 0; [y435, y3]c = 0;
y23 = µ3; y
2
5 = µ5; y235 − q35ζ[y25, y3]c − q23(1− ζ)y3y25 = 0.
Here we apply Lemma A.3 for (i, j, k) = (5, 2, 3) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
For
−1
◦
ζ
ζ
❂❂
❂❂
❂❂
❂❂
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
[y(13),y2]c = ν2; y112 = 0; y332 = 0; yij = λij, i < j, q˜ij = 1;
y445 = 0; y334 = λ334; y335 = 0; y443 = λ443;
y22 = µ2; y
2
5 = µ5; y(35) − q45ζ[y35, y4]c − q34(1− ζ)y4y35 = 0.
Here we apply Lemma A.3 for (i, j, k) = (5, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of types super A4 and A1.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y23 = µ3; [y(24),y3]c = 0; y221 = 0; y223 = 0; yij = λij, i < j, q˜ij = 1;
y24 = µ4; [y235,y3]c = ν
′
3; y553 = 0; y
2
1 = µ1; [[y43, y435]c, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y
2
2 = µ2; y332 = 0; y335 = λ335; yij = λij, i < j, q˜ij = 1;
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y24 = µ4; y334 = 0; y553 = λ553; [y(13), y2]c = ν2.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = µ1; [[y235,y3]c, y3]c = 0; [y(13),y2]c = 0; yij = λij , i < j, q˜ij = 1;
y22 = µ2; [[y435,y3]c, y3]c = 0; y
2
4 = µ4; y332 = y334 = y553 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = µ1; y221 = y334 = y553 = 0; y223 = λ223; yij = λij, i < j, q˜ij = 1;
y24 = µ4; [[y435,y3]c, y3]c = 0; y332 = λ332; [[y235, y3]c, y3]c = λ235.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types super CD and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; [y(24),y3]c = ν3; y
2
4 = µ4; yij = λij , i < j, q˜ij = 1;
[y(13),y2]c = 0; y
2
3 = µ3; [[y23, y235]c, y3]c = 0;
y553 = 0; y
2
2 = µ2; [y435, y3]c = 0.
Herewe apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
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For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = µ1; [y(24),y3]c = ν3; y553 = 0; yij = λij , i < j, q˜ij = 1;
[y(13),y2]c = ν2; y
2
4 = µ4; [[y43, y435]c, y3]c = 0;
y23 = µ3; y
2
2 = µ2; [y235, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types super A4 and A1.
A.7.10. Type g(4, 6), ζ ∈ G′3. The Weyl groupoid has seven objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by
yi, i ∈ I6, with defining relations
y112 = λ112; y221 = λ221; y223 = λ223; yij = λij, i < j, q˜ij = 1;
y665 = λ665; y332 = λ332; y334 = 0; [[[y(25), y4]c, y3]c, y4]c = 0;
y24 = µ4; y554 = 0; y556 = λ556; [[[y6543, y4]c, y5]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A3.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y24 = µ4; y221 = λ221; y223 = λ223; yij = λij , i < j, q˜ij = 1;
y25 = µ5; y334 = 0; y664 = 0; [y546, y4]c = 0;
[y(35), y4]c = 0; y112 = λ112; y332 = λ332; [[[y2346, y4]c, y3]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types CD and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
[y(13),y2]c = 0; y445 = λ445; y443 = 0; yij = λij , i < j, q˜ij = 1;
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y112 = 0; y554 = λ554; y663 = 0; [y236, y3]c = 0;
[y(24),y3]c = 0; y
2
2 = µ2; y
2
3 = µ3; [[[y5436, y3]c, y4]c, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I6,
with defining relations
y112 = λ112; y221 = λ221; y223 = λ223; yij = λij , i < j, q˜ij = 1;
y332 = λ332; y334 = λ334; y443 = λ443; y445 = 0;
y446 = λ446; y664 = λ664; y
2
5 = µ5.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y332 = 0; y334 = λ334; y336 = λ336; yij = λij , i < j, q˜ij = 1;
y663 = λ663; y443 = λ443; y445 = λ443; [y(13), y2]c = 0;
y554 = λ554; y
2
1 = µ1; y
2
2 = µ2.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types A2 and A4.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y221 = 0; y223 = λ223; y332 = λ332; yij = λij , i < j, q˜ij = 1;
y334 = λ334; y443 = λ443; y445 = 0; y336 = λ336;
y663 = λ663; y
2
1 = µ1; y
2
5 = µ5.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types CD and A1.
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For
−1
◦
ζ
ζ
❁❁
❁❁
❁❁
❁
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y112 = λ112; y
2
6 = µ6; y223 = 0; yij = λij , i < j, q˜ij = 1;
y554 = 0; y
2
4 = µ4; [y(24),y3]c = 0; [y236, y3]c = 0;
y221 = λ221; y
2
3 = µ3; [y(35),y4]c = 0; [y546, y4]c = 0;
y346 − q46ζ[y36, y4]c − q34(1− ζ)y4y36 = 0.
Here we apply Lemma A.3 for (i, j, k) = (6, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of types A5 and A1.
A.7.11. Type g(6, 6), ζ ∈ G′3. The Weyl groupoid has 21 objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = λ112; y221 = λ221; y223 = λ223; yij = λij , i < j, q˜ij = 1;
y556 = 0 y332 = λ332; y334 = λ334; [[y(46), y5]c, y5]c = 0;
y26 = µ6; y443 = λ443; y445 = λ445; [y5543, y54]c = λ543.
Here we apply Lemma A.2 for (i, j) = (5, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types B5 and A1.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y25 = µ5; y112 = λ112; y221 = λ221; yij = λij, i < j, q˜ij = 1;
y26 = µ6; y223 = λ223; y332 = λ332; [[y65, y654]c, y5]c = 0;
y334 = λ334; y443 = λ443; y445 = 0.
Here we apply Lemma A.2 for (i, j) = (5, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
For
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = 0; y
2
2 = µ2; y554 = 0; yij = λij , i < j, q˜ij = 1;
y556 = λ556; y
2
3 = µ3; y665 = λ665; [[y34, y(35)]c, y4]c = 0;
y24 = µ4; [y(13),y2]c = 0; [y(24), y3]c = ν3.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
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For
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y334 = 0; y556 = λ556; yij = λij , i < j, q˜ij = 1;
y22 = µ2; y554 = 0; y665 = λ665; [[[y(25), y4]c, y3]c, y4]c = λ(25) ;
y24 = µ4; y332 = 0; [y(13),y2]c = 0; [[[y6543, y4]c, y5]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of types el(5, 3) and A1.
For
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y221 = 0; y223 = λ223; y332 = λ332; yij = λij , i < j, q˜ij = 1;
y21 = µ1; y334 = 0; y554 = 0; [[[y(25), y4]c, y3]c, y4]c = 0;
y24 = µ4; y556 = λ556; y665 = λ665; [[[y6543, y4]c, y5]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
For
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y23 = µ3; y112 = λ112; y221 = λ221; yij = λij, i < j, q˜ij = 1;
y665 = λ665; y223 = 0; y443 = 0; [[y(35), y4]c, y4]c = 0;
[y(24), y3]c = ν2; y554 = 0; y556 = λ665; [y4456, y45]c = λ456.
If ν2 = 0, then we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto
E˜q′ , q
′ with two components of types A3 and B3. If ν2 6= 0, then λ456 = 0,
so we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
For
−1
◦
ζ
ζ
❂❂
❂❂
❂❂
❂❂
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = λ112; y221 = λ221; y223 = λ223; yij = λij , i < j, q˜ij = 1;
y24 = µ4; y332 = λ332; y334 = 0; [y346, y4]c = 0;
y25 = µ5; y554 = 0; y556 = 0; [y(35), y4]c = ν4;
y(46) − q56ζ[y46, y5]c − q45(1− ζ)y5y46 = 0.
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Here we apply Lemma A.3 for (i, j, k) = (6, 4, 5) and E˜q projects onto E˜q′ , q
′
with two components of types A5 and A1.
For
−1
◦
ζ
ζ
❃❃
❃❃
❃❃
❃
−1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y221 = 0; y223 = 0; y554 = 0; yij = λij, i < j, q˜ij = 1;
y24 = µ4; y
2
1 = µ1; [y(24),y3]c = 0; [y236, y3]c = 0;
y26 = µ6; y
2
3 = µ3; [y(35),y4]c = 0; [y546, y4]c = 0;
y346 − q46ζ[y36, y4]c − q34(1− ζ)y4y36 = 0.
Here we apply Lemma A.3 for (i, j, k) = (6, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of types A5 and A1.
For
−1
◦
ζ
ζ
❃❃
❃❃
❃❃
❃
−1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y554 = 0; y
2
1 = µ1; [y(13),y2]c = ν2; yij = λij , i < j, q˜ij = 1;
y24 = µ4; y
2
2 = µ2; [y(24),y3]c = ν3; [y236, y3]c = ν
′
3;
y26 = µ6; y
2
3 = µ3; [y(35),y4]c = 0; [y546, y4]c = 0;
y346 − q46ζ[y36, y4]c − q34(1− ζ)y4y36 = 0.
Here we apply Lemma A.3 for (i, j, k) = (3, 4, 6) and E˜q projects onto E˜q′ , q
′
with two components of super type A3.
For
−1
◦
ζ
ζ
❂❂
❂❂
❂❂
❂❂
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = 0; y332 = 0; y334 = 0; yij = λij, i < j, q˜ij = 1;
y24 = µ4; y336 = 0; [y(13),y2]c = ν2; [y(35), y4]c = ν4;
y26 = µ6; y554 = 0; y
2
2 = µ2; [y546, y4]c = 0;
y346 − q46ζ[y36, y4]c − q34(1− ζ)y4y36 = 0.
Here we apply Lemma A.3 for (i, j, k) = (6, 3, 4) and E˜q projects onto E˜q′ , q
′
with two components of types A5 and A1.
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For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = λ112; y221 = λ221; y223 = 0; yij = λij , i < j, q˜ij = 1;
y24 = µ4; y664 = 0; [y(24),y3]c = 0; [[y54, y546]c, y4]c = 0;
y25 = µ5; y
2
3 = µ3; [y(35),y4]c = ν4; [y346, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y23 = µ3; y112 = 0; y443 = 0; yij = λij, i < j, q˜ij = 1;
y25 = µ5; y445 = 0; y446 = λ446; [y(13), y2]c = 0;
y664 = λ664; y
2
2 = µ2; [y(24), y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of type A3.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = λ112; y221 = λ221; y223 = 0; yij = λij , i < j, q˜ij = 1;
y23 = µ3; y443 = 0; [y(24),y3]c = ν3; [[y346, y4]c, y4]c = 0;
y25 = µ5; y445 = 0; y664 = 0; [[y546, y4]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
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For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y332 = 0; y334 = λ334; yij = λij, i < j, q˜ij = 1;
y22 = µ2; y443 = λ443; y445 = 0; [y(13), y2]c = 0;
y25 = µ5; y446 = λ446; y664 = λ664.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y112 = 0; y664 = 0; [y(13),y2]c = 0; yij = λij, i < j, q˜ij = 1;
y24 = µ4; y
2
2 = µ2; [y(24),y3]c = ν3; [[y34, y346]c, y4]c = 0;
y25 = µ5; y
2
3 = µ3; [y(35),y4]c = ν4; [y546, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (4, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y221 = 0; y223 = λ223; yij = λij, i < j, q˜ij = 1;
y25 = µ5; y332 = λ332; y334 = λ334; y443 = λ443;
y445 = 0; y446 = λ446; y664 = λ664.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A5 and A1.
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For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y332 = 0; y334 = 0; yij = λij , i < j, q˜ij = 1;
y22 = µ2; y664 = 0; [y(13),y2]c = 0; [y564, y4]c = 0;
y24 = µ4; y
2
5 = µ5; [y(35), y4]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y22 = µ2; y112 = 0; y332 = 0; yij = λij , i < j, q˜ij = 1;
y554 = λ554; y334 = λ334; y336 = λ336; [y(13), y2]c = ν2;
y663 = λ663; y443 = λ443; y445 = λ445.
If ν2 = 0, then we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects
onto E˜q′ , q
′ with two components of types A2 and A4. If ν2 6= 0, then
λ336 = λ663 = 0, so we apply Lemma A.2 for (i, j) = (3, 6) and E˜q projects
onto E˜q′ , q
′ with two components of types A5 and A1.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y223 = λ223; y334 = 0; yij = λij , i < j, q˜ij = 1;
y24 = µ4; y332 = λ332; [y(35),y4]c = 0; [[[y2346, y4]c, y3]c, y4]c = 0;
y25 = µ5; y664 = 0; y221 = 0; [y546, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of type A3.
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For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y221 = 0; y223 = 0; y443 = 0; yij = λij , i < j, q˜ij = 1;
y21 = µ1; y445 = λ445; [y(24),y3]c = 0; [[[y5436, y3]c, y4]c, y3]c = 0;
y23 = µ3; y554 = λ554; y663 = 0; [y236, y3]c = ν
′
3.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi,
i ∈ I6, with defining relations
y21 = µ1; y445 = λ445; y554 = λ554; yij = λij, i < j, q˜ij = 1;
y22 = µ2; y663 = 0; [y(13),y2]c = ν2; [[[y5436, y3]c, y4]c, y3]c = 0;
y23 = µ3; y443 = 0; [y(24),y3]c = 0; [y236, y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A4 and A2.
A.7.12. Type g(8, 6), ζ ∈ G′3. The Weyl groupoid has eight objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ , E˜q is generated by
yi, i ∈ I7, with defining relations
y25 = µ5; y112 = λ112; y221 = λ221; y223 = λ223;
y665 = 0; y667 = λ667; y332 = λ332; y334 = λ334;
y443 = λ443; y445 = λ445; y776 = λ776;
yij = λij , i < j, q˜ij = 1; [[[y(36), y5]c, y4]c, y5]c = [[[y7654, y5]c, y6]c, y5]c = 0.
Here we apply Lemma A.2 for (i, j) = (5, 6) and E˜q projects onto E˜q′ , q
′
with two components of types A5 and A2.
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For
−1
◦
ζ
ζ
❅❅
❅❅
❅❅
❅❅
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y24 = µ4; y112 = λ112; y221 = λ221; yij = λij, i < j, q˜ij = 1;
y25 = µ5; y223 = λ223; y332 = λ332; [y(35),y4]c = [y347, y4]c = 0;
y27 = µ7; y334 = 0; y665 = 0; [y(46),y5]c = [y657, y5]c = 0
y457 − q57ζ[y47, y5]c − q45(1− ζ)y5y47 = 0.
Here we apply Lemma A.3 for (i, j, k) = (7, 4, 5) and E˜q projects onto E˜q′ , q
′
with two components of types A6 and A1.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is gener-
ated by yi, i ∈ I7, with defining relations
y24 = µ4; y112 = λ112; y221 = λ221; yij = λij, i < j, q˜ij = 1;
y25 = µ5; y223 = λ223; y332 = λ332; [y(35),y4]c = [[y65, y657]c, y5]c = 0;
y26 = µ6; y775 = 0; [y(46),y5]c = µ5; y334 = [y457, y5]c = 0.
Here we apply Lemma A.2 for (i, j) = (5, 7) and E˜q projects onto E˜q′ , q
′ with
two components of types A6 and A1.
For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y112 = λ112; y221 = λ221; y223 = λ223; yij = λij , i < j, q˜ij = 1;
y557 = λ557; y332 = λ332; y334 = λ334; y443 = λ443;
y775 = λ775; y445 = λ445; y554 = λ554; y556 = 0; y
2
6 = µ2.
Herewe apply Lemma A.2 for (i, j) = (5, 6) and E˜q projects onto E˜q′ , q
′ with
two components of types A6 and A1.
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For
ζ
◦
ζ
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y112 = λ112; y221 = λ221; [y347,y4]c = 0; yij = λij , i < j, q˜ij = 1;
y23 = µ3; y556 = λ556; [y(24),y3]c = 0; [[[y6547, y4]c, y5]c, y4]c = 0;
y24 = µ4; y665 = λ665; [y(35),y4]c = 0; y223 = y774 = y554 = 0.
Here we apply Lemma A.2 for (i, j) = (4, 7) and E˜q projects onto E˜q′ , q
′ with
two components of types A6 and A1.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y112 = y443 = 0; y665 = λ665; y445 = λ445; yij = λij, i < j, q˜ij = 1;
y22 = µ2; y447 = λ447; y774 = λ774; [y(13), y2]c = 0;
y23 = µ3; y554 = λ554; y556 = λ556; [y(24), y3]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and A4.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y21 = µ1; y334 = λ334; y443 = λ443; yij = λij , i < j, q˜ij = 1;
y22 = µ2; y445 = λ445; y447 = λ447; [y(13), y2]c = 0;
y665 = λ665 y774 = λ774; y554 = λ554; y556 = λ556; y332 = 0.
Here we apply Lemma A.2 for (i, j) = (2, 3) and E˜q projects onto E˜q′ , q
′ with
two components of types A2 and D5.
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For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated
by yi, i ∈ I7, with defining relations
y221 = 0; y223 = λ223; y332 = λ332; yij = λij , i < j, q˜ij = 1;
y556 = λ556; y334 = λ334; y443 = λ443; y445 = λ445;
y665 = λ665; y447 = λ447; y774 = λ774; y554 = λ554; y
2
1 = µ1.
Here we apply Lemma A.2 for (i, j) = (1, 2) and E˜q projects onto E˜q′ , q
′ with
two components of types A1 and E6.
A.8. Super modular type, characteristic 5.
A.8.1. Type brj(2; 5), ζ ∈ G′5. The Weyl groupoid has two objects.
For
ζ
◦
ζ2 −1
◦ , E˜q is generated by y1, y2 with defining relations
[y1112, y112]c = λ1; y
2
2 = λ2; y11112 = 0; [[[y112, y12]c, y12]c, y12]c = 0,
with λ1 6= 0 only if q =
(
ζ 1
ζ2 −1
)
. See brj25.log, resp. brj252.log, for the
deformation of the first, resp. last, relation. If λ1 = 0, then this algebra is
nonzero by [A+, Lemma 5.16]. If λ1, λ2 6= 0, then this algebra is nonzero by
brj25b.log.
For
−ζ3
◦
ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y22 = λ2; y111112 = 0; [y1,[y112, y12]c]c + q12y
2
112 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
A.8.2. Type el(5; 5), ζ ∈ G′5. The Weyl groupoid has seven objects.
For
ζ2
◦
ζ
2
ζ2
◦
ζ
2
−1
◦
ζ ζ
◦
ζ
2
ζ2
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y112 = 0; y221 = 0; y223 = 0; yij = λij , i < j, q˜ij = 1;
y554 = λ554; y443 = 0; y4445 = λ4445; [[[y(14), y3]c, y2]c, y3]c = 0;
y23 = µ3; [[y5432, y4]c, y3]c−q43(ζ
2 − ζ)[[y5432, y3]c, y4]c = 0.
Here we apply Lemma A.2 for (i, j) = (3, 4) and E˜q projects onto E˜q′ , q
′ with
two components of types A3 and B2.
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For
ζ2
◦
ζ
2
ζ2
◦
ζ
2
ζ2
◦
ζ
2
−1
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y112 = 0; y
2
4 = µ4; y221 = 0; y223 = 0; yij = λij , i < j, q˜ij = 1;
y25 = µ5; y332 = 0; y334 = 0; [[y54, y543]c, y4]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ2
◦
ζ
2
ζ2
◦
ζ
2
ζ2
◦
ζ
2
ζ
◦
ζ −1
◦ the algebra E˜q is generated by yi,
i ∈ I5, with defining relations
y25 = µ5; y112 = 0; y221 = 0; y223 = 0; yij = λij, i < j, q˜ij = 1;
y445 = 0; y332 = 0; y334 = λ334; y4443 = λ4443.
Here we apply Lemma A.2 for (i, j) = (4, 5) and E˜q projects onto E˜q′ , q
′ with
two components of types A1 and B4.
For
ζ2
◦
ζ
2
−1
◦
ζ2 −1
◦
ζ
2
ζ2
◦
ζ
2
ζ2
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y332 = 0; y
2
1 = µ1; y334 = 0; y443 = 0; yij = λij , i < j, q˜ij = 1;
y22 = µ2; y552 = 0; [y(13),y2]c = 0; [y125, y2]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ2
◦
ζ
2
−1
◦
ζ
2
ζ2
◦
ζ
2
ζ2
◦
ζ
2
ζ2
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = µ1; yij = λij , i < j, q˜ij = 1; yiij = 0, q˜ij 6= 1, i 6= 1.
This algebra is nonzero by [A+, Lemma 5.16].
For
−1
◦
ζ2
ζ
❅❅
❅❅
❅❅
❅❅
ζ2
◦
ζ
2
−1
◦
ζ2 −1
◦
ζ
2
ζ2
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y443 = 0; [y(13),y2]c = 0; yij = λij , i < j, q˜ij = 1;
[y125,y2]c = 0; y
2
2 = µ2; [y(24),y3]c = 0; [[y53, y534]c, y3]c = 0;
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y23 = µ3; y
2
5 = µ5; y235 −
q35
ζ2 + ζ
[y25, y3]c − q23(1− ζ)y3y25 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
ζ
❄❄
❄❄
❄❄
❄❄
ζ2
◦
ζ
2
ζ2
◦
ζ
2
−1
◦
ζ2 −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y221 = 0; y223 = 0; yij = λij , i < j, q˜ij = 1;
y554 = 0; y553 = 0; [y(24),y3]c = 0; [[[y1235, y3]c, y2]c, y3]c = 0;
y23 = µ3; y
2
4 = µ4; y(35) − q45ζ[y35, y4]c − q34(1− ζ)y4y35 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
A.9. Unidentified type.
A.9.1. Type wk(4, α), q 6= ±1. The Weyl groupoid has five objects. Two of
them are obtained with −q−1 instead of q; hence we study the other three.
We set N = ord q, M = ord−q−1.
For
q
◦
q−1 q
◦
q−1 −1
◦
−q −q−1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y23 = λ3; y13 = 0; y14 = 0; y24 = 0;
y112 = λ1; y221 = λ2; y223 = λ4; y443 = λ5.
Here λ1λ2 6= 0 or λ4 6= 0 only if N = 3. Also, λ1λ4 = λ2λ4 = 0. Similarly,
λ5 6= 0 only if M = 4. In any case we can project onto a case of smaller rank
and hence E˜q 6= 0.
For
q
◦
q−1 −1
◦
−1 −1
◦
−q −q−1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y22 = λ2; y13 = 0; y14 = 0; y24 = 0;
y23 = λ3; y
2
23 = λ4; y112 = λ1; y443 = λ5;
[[y(14), y2]c, y3]c − q23
1 + q
1− q
[[y(14), y3]c, y2]c = 0.
Here, λ1λ5 = 0 and λ1 or λ5 are nonzero only if N = 4. Thus, we can always
project onto a case of smaller rank and hence E˜q 6= 0. See bgla.log, resp.
bgla1.log, bgla2.log for the deformation of the longest relation when one,
resp. two, resp. three, of the relations y22 , y
2
3, y
2
23 are deformed.
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For
q
◦
q−1 −1
◦
−1
q
−1
◦
−q−1 −1
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y112 = λ1; y13 = 0; y14 = λ5; [y(13),y2]c = 0;
y22 = λ2; y
2
24 = λ6; y
2
3 = λ3; y
2
4 = λ4;
y(24) +
(1 + q)q43
2
[y24, y3]c − q23(1 + q
−1)y3y24 = 0.
Here λ1 6= 0 only if N = 4. Hence, if λ3 = 0 we can project onto a case of
smaller rank. If λ3 6= 0, then λ4 = λ5 = λ6 = 0 and we can project onto
a case of smaller rank. Assume λ1 = 0. If λ5 6= 0, then we can project.
Otherwise, λ2 = λ4 = 0 and we have that either λ6 = 0 or λ3 = 0. In any
case, we can project. Hence E˜q 6= 0.
A.9.2. Type ufo(1), ζ ∈ G4. The Weyl groupoid has six objects.
For
ζ
◦
ζ ζ
◦
ζ −1
◦
−1 −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y23 = λ3; y112 = 0; y221 = 0; yij = 0, i < j, q˜ij = 1;
y24 = λ4; y223 = λ1; y554 = λ2; [[[y(14),y3]c, y2]c, y3]c = 0;
y234 = λ5; [[y(25), y3]c, y4]c − q34ζ[[y(25), y4]c, y3]c = 0.
Here E˜q 6= 0 as we can project onto a case of smaller rank by making y1 = 0.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y221 = 0; y
2
4 = λ1 yij = 0, i < j, q˜ij = 1;
y223 = 0; y332 = 0; y334 = λ2; y554 = λ3.
In this case E˜q 6= 0 as we can project onto a case of smaller rank.
For
−1
◦
ζ
−1
❅❅
❅❅
❅❅
❅❅
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y22 = λ2; y
2
3 = λ3; y
2
5 = λ5; [y(13),y2]c = 0; yij = 0, i < j, q˜ij = 1;
y112 = λ1; y443 = λ4; [y125,y2]c = 0; [y(24),y3]c = 0;
y235 = λ6; y235 + q35(1 + ζ)[y25, y3]c − 2q23y3y25 = 0.
If λ1 = 0, then we can project. If λ1λ3 6= 0, then λ4 = 0, and we can make
y4 = 0. If λ1λ4 6= 0, then λ5 = 0, and we can make y5 = 0. Hence E˜q 6= 0.
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For
−1
◦
−1
ζ
❅❅
❅❅
❅❅
❅❅
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y112 = 0; y221 = 0; y223 = λ1; yij = 0, i < j, q˜ij = 1;
y25 = λ2; y
2
35 = λ5; y
2
3 = λ3; y
2
4 = λ4; [[[y1235, y3]c, y2]c, y3]c = 0;
[y(24),y3]c = 0; y(35) +
q45(1 + ζ)
2
[y35, y4]c − q34(1− ζ)y4y35 = 0.
Hence E˜q 6= 0 as we can apply Lemma A.3 for (i, j, k) = (4, 3, 5).
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y21 = λ1; y
2
2 = λ2 [y(13),y2]c = 0; yij = 0, i < j, q˜ij = 1;
y332 = λ3; y334 = 0; y443 = 0; y552 = λ4; [y125, y2]c = 0.
We can apply Lemma A.4 for i = 4, hence E˜q 6= 0.
For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I5,
with defining relations
y221 = λ1; y223 = 0; y225 = 0; yij = 0, i < j, q˜ij = 1;
y21 = λ2; y552 = 0; y332 = 0; y334 = 0; y443 = 0.
We can apply Lemma A.4 for i = 3, hence E˜q 6= 0.
A.9.3. Type ufo(2), ζ ∈ G′4. The Weyl groupoid has seven objects.
For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
−1 −1
◦
ζ ζ
◦ the algebra E˜q is generated by
yi, i ∈ I6, with defining relations
y112 = y221 = 0; y334 = λ1; y
2
4 = λ3; yij = 0, i < j, q˜ij = 1;
y332 = y223 = 0; y665 = λ2; y
2
5 = λ4; [[[y(25),y4]c, y3]c, y4]c = 0;
y245 = λ5; [[y(36), y4]c, y5]c−q45ζ[[y(36), y5]c, y4]c = 0.
We can apply Lemma A.4 for i = 1, hence E˜q 6= 0.
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For
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦ the algebra E˜q is generated by
yi, i ∈ I6, with defining relations
y445 = λ1; y112 = 0; y221 = 0; y223 = 0; yij = 0, i < j, q˜ij = 1;
y665 = λ2; y332 = 0; y334 = 0; y443 = 0; y
2
5 = λ3
We can apply Lemma A.4 for i = 2, hence E˜q 6= 0.
For
ζ
◦
ζ
ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y112 = λ1; y443 = λ2; y
2
2 = λ4; yij = 0, i < j, q˜ij = 1; y554 = 0
y445 = 0; y663 = λ3; y
2
3 = λ5; [y(13),y2]c = [y(24), y3]c = [y236, y3]c = 0.
Hence E˜q 6= 0 since we can apply Lemma A.4 for i = 4.
For
ζ
◦
ζ
−1
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y21 = λ1; y332 = λ2; y336 = y663 = 0; yij = 0, i < j, q˜ij = 1;
y22 = λ3; [y(13),y2]c = 0; y334 = y443 = 0; y445 = y554 = 0.
We can apply Lemma A.4 for i = 4, hence E˜q 6= 0.
For
−1
◦
−1
ζ
❁❁
❁❁
❁❁
❁
ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y24 = λ1; y
2
5 = λ2; [y(35),y4]c = 0; y223 = 0; yij = 0, i < j, q˜ij = 1;
y26 = λ3; y
2
46 = λ4; y332 = 0; y334 = λ5; [[[y2346, y4]c, y3]c, y4]c = 0;
y112 = y221 = 0; y(46) +
q56(1 + ζ)
2
[y46, y5]c − q45(1− ζ)y5y46 = 0.
We can apply Lemma A.4 for i = 2, hence E˜q 6= 0.
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For
ζ
◦
ζ
−1
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈ I6,
with defining relations
y223 = y332 = 0; y663 = y336 = 0; yij = 0, i < j, q˜ij = 1;
y334 = y443 = 0; y445 = y554 = 0; y
2
1 = λ1; y221 = λ2.
We can apply Lemma A.4 for i = 4, hence E˜q 6= 0.
For
−1
◦
ζ
−1
❁❁
❁❁
❁❁
❁
ζ
◦
ζ ζ
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦
the algebra E˜q is generated by yi, i ∈
I6, with defining relations
y23 = λ1; y
2
4 = λ2; y223 = λ3; [y(24),y3]c = 0; yij = 0, i < j, q˜ij = 1;
y26 = λ4; y
2
46 = λ5; y554 = λ6; [y(35),y4]c = 0; y112 = y221 = 0;
[y236,y3]c = 0; y346 + q46(1 + ζ)[y36, y4]c − 2q34y4y36 = 0.
We can apply Lemma A.4 for i = 2, hence E˜q 6= 0.
A.9.4. Type ufo(3), ζ ∈ G′3. The Weyl groupoid has five objects.
For
−1
◦
ζ ζ
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
3
2 = λ2; y13 = 0; y221 = 0; y332 = λ3,
with λ1λ3 = λ2λ3 = 0. If λ1 = 0 then we apply Lemma A.4 for i = 1,
otherwise λ3 = 0 and we apply the same Lemma but for i = 3.
For
−1
◦
ζ −1
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = 0; y332 = 0; y
2
1 = λ1; y
2
2 = λ2.
This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
−1 −1
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y31 = λ1; y
2
2 = λ2; [y112, y12]c = λ3; [[y12,y(13)]c, y2]c = y13 = y332 = 0.
Here we can apply Lemma A.4 for i = 3.
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For
ζ
◦
−ζ −ζ
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y13 = 0; y221 = λ2; y
3
1 = λ1; y223 = 0; y332 = 0.
This algebra is nonzero by [A+, Lemma 5.16].
For
−1
◦
ζ
③③
③③
③③
③ −ζ
❋❋
❋❋
❋❋
❋
ζ
◦
−1 −1
◦
, the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y113 = 0; y
3
1 = λ1; [y112, y12]c = λ3; y
2
2 = λ2; y
2
3 = λ4
y(13) −
q23ζ
1− ζ
[y13, y2]c + q12ζy2y13 = 0,
with λ2λ4 = 0. Hence the algebra E˜q projects onto a rank-2 nonzero algebra
by setting y2 = 0 or y3 = 0 according to whether λ4 = 0 or λ2 = 0.
A.9.5. Type ufo(4), ζ ∈ G′3. The Weyl groupoid has nine objects.
For
−1
◦
−1 −1
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
2
2 = λ2; y
2
3 = λ3; y
3
23 = λ6;
y212 = λ4; y13 = λ5; [y123, [y123, y23]c]c = λ7
with λ2λ3 = λ7λ5 = 0. The deformation of y
3
23 follows from ufo4a1.log and
of the longest relation by ufo4a2.log.
Assume λ7 = 0. Then we can project onto a case of smaller rank un-
less λ1λ2λ4λ6 6= 0 or λ1λ3λ6 6= 0, which gives q =
(
−1 ±1 ±1
∓1 −1 −ζ
±1 −1 −1
)
or q =(
−1 ±1 ±1
∓1 −1 −1
±1 −ζ −1
)
. In any case, E˜q 6= 0, see ufo4a.log.
Now λ7 6= 0 only if q =
(
−1 a a−1
−a−1 −1 c
a c−1ζ −1
)
, with c3 = −a2. In any case,
E˜q 6= 0, see ufo4a7.log.
For
−1
◦
−1 −1
◦
−ζ ζ
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
2
2 = λ2; y
3
3 = λ3 [y332, y32]c = λ4;
[y3321, y321]c = λ5; y13 = 0; y
2
12 = λ6; [[y32, y321]c, y2]c = 0.
We can project onto a case of rank two unless q =
(
−1 ±1 1
∓1 −1 ζ−1
1 −1 ζ−1
)
, when all
scalars can be nonzero. In this case, E˜q 6= 0 by ufo4b.log.
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For
−1
◦
−1 ζ
◦
ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
3
2 = λ2; y
2
3 = λ3; [y221, y21]c = λ5;
y223 = 0; y13 = λ4; [y12, y(13)]c = 0,
with λ1λ2 = 0 = λ2λ3 = λ2λ5 = λ2λ4. Hence, if λ2 6= 0, then E˜q projects
onto k〈y2|y
3
2 = λ2〉. If λ1 6= 0, then λ5 = 0 and thus E˜q projects onto the
linking of two rank-one algebras, by making y2 = 0. A similar situation
holds when λ3 6= 0 and λ4 = 0. On the other hand, λ3λ4 6= 0 only when
q =
(
−1 ∓1 −1
±1 ζ ±1
∓1 ±ζ2 −1
)
and E˜q 6= 0 by ufo4c.log.
For
−1
◦
ζ −1
◦
−ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
2
2 = λ2; [[y32, y321]c, y2]c = λ5; y
2
3 = λ3; y13 = λ4.
Here λ5 6= 0 only if q =
(
−1 −c2ζ −c−3
−c−2 −1 c
−c3 −c−1ζ −1
)
, some c ∈ k×. Otherwise E˜q 6= 0
by by applying Lemma A.2 for (i, j) = (2, 3). When λ5 6= 0 is the only
nonzero scalar then E˜q 6= 0 by ufo4d.log. Then E˜q 6= 0 by Lemma 3.4.
For
−1
◦
ζ −ζ
◦
−ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y2221 = λ2; y
2
3 = λ3; y13 = λ4 y223 = 0.
Here λ2 6= 0 only if q =
(
−1 −ζ ∗
−1 −ζ ∗
∗ ∗ −1
)
. If λ2 = 0, E˜q 6= 0, by making y2 = 0.
A similar argument shows that E˜q 6= 0 when λ2 6= 0: E˜q arises as the linking
of a rank-two case (generated by y1, y2) and a rank-one case.
For
−1
◦
ζ ζ
◦
−ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
3
2 = λ2; y
2
3 = λ3; y13 = λ4; [y223, y23]c = λ5;
[y1, y223]c + q23[y123, y2]c − q12y2y123 = 0,
with λ2λ4 = 0. We may project onto a case of smaller rank if λ4 = λ1 = 0 or
λ4 = λ3 = λ5 = 0, so E˜q 6= 0 in these cases. The same holds if λ2 = λ5 = 0.
Now, if λ1λ4 6= 0, then λ5 = 0; hence E˜q 6= 0.
If λ2λ5 6= 0 or λ2λ3 6= 0 and besides λ1 6= 0, then q =
(
−1 ζ2 ±1
1 ζ2 1
±1 ζ2 −1
)
. In
any case E˜q 6= 0: on the one hand this holds if λ5 6= 0 is the unique nonzero
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scalar, by making y1 = 0, and on the other when λ4 = λ5 = 0 by [A+,
Lemma 5.16]; hence E˜q 6= 0 using Lemma 3.4.
For
−1
◦
ζ ζ
◦
−ζ −1
◦ , the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
3
2 = λ2; y
2
3 = λ3;
y221 = 0; y13 = λ4; [y223, y23]c = λ5.
Here E˜q 6= 0 by making y12 = 0.
For
−1
◦
−1
①①
①①
①①
① ζ
❉❉
❉❉
❉❉
❉
−1
◦
−ζ ζ
◦
, the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y21 = λ1; y
3
2 = λ2; y
2
3 = λ3; [y221, y21]c = λ4; y
2
13 = λ5; y223 = 0;
y(13) +
q23(1− ζ)
2
[y13, y2]c − q12(1− ζ)y2y13 = 0.
We can project onto a case of smaller rank and thus show that E˜q is nonzero
whenever q 6=
(
−1 ζ ±1
−1 ζ 1
∓1 ζ2 −1
)
. Still, E˜q 6= 0, by ufo4h.log.
For
ζ
◦
−ζ
③③
③③
③③
③ ζ
❉❉
❉❉
❉❉
❉
−ζ
◦
−ζ −1
◦
, the algebra E˜q is generated by yi, i ∈ I3, with
defining relations
y113 = λ1; y
2
2 = λ2; y
3
3 = λ3 y112 = 0; y332 = 0;
y(13) + q23(1− ζ)[y13, y2]c − q12(1− ζ)y2y13 = 0.
Here λ1 6= 0 only if q =
(
−ζ ∗ ζ
∗ −1 ∗
−ζ ∗ ζ
)
and λ1λ2 = 0. Hence E˜q 6= 0, by
projecting onto a rank 2 case.
A.9.6. Type ufo(5), ζ ∈ G′3. The Weyl groupoid has six objects.
For
−ζ
◦
−ζ −ζ
◦
−ζ −ζ
◦
−ζ ζ
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y112 = 0; y221 = 0; y
3
4 = λ1;
y223 = 0; y332 = 0; y334 = λ2; yij = 0, i < j, q˜ij = 1.
We can apply Lemma A.4 for i = 2, hence E˜q 6= 0.
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For
−ζ
◦
−ζ −ζ
◦
−ζ −1
◦
−1 ζ
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y112 = 0; y221 = 0; [y443,y43]c = 0; yij = 0, i < j, q˜ij = 1;
y223 = 0; y
2
3 = λ1; y
3
4 = λ2; [[y43,y432]c, y3]c = 0.
We can apply Lemma A.4 for i = 1, hence E˜q 6= 0.
For
−ζ
◦
−ζ ζ
◦
ζ −1
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y112 = λ1; y443 = 0; yij = 0, i < j, q˜ij = 1; y
3
2 = λ2; y
2
3 = λ3.
We can apply Lemma A.4 for i = 4, hence E˜q 6= 0.
For
−ζ
◦
−ζ −ζ
◦
−ζ −1
◦
−ζ −ζ
◦ , the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y112 = y221 = y223 = y443 = 0; yij = 0, i < j, q˜ij = 1; y
2
3 = λ1.
We can apply Lemma A.4 for i = 4, hence E˜q 6= 0.
For
−1
◦
−ζ
−1
❄❄
❄❄
❄❄
❄❄
−ζ
◦
−ζ −1
◦
ζ ζ
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
[y334,y34]c = λ1; y112 = 0; y
2
2 = λ2; yij = 0, i < j, q˜ij = 1;
[y124,y2]c = 0; y332 = 0; y
3
3 = λ3; y
2
4 = λ4;
y(24) − 2q34ζ[y24, y3]c − 2q23y3y24 = 0.
We can apply Lemma A.4 for i = 1, hence E˜q 6= 0.
For
−1
◦
−ζ
−ζ
❆❆
❆❆
❆❆
❆❆
−ζ
◦
−ζ −1
◦
ζ −1
◦
, the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y22 = λ1; y
2
3 = λ2; y
2
4 = λ3; yij = 0, i < j, q˜ij = 1;
y112 = 0; [y124,y2]c = 0; y(24) + q34ζ[y24, y3]c + q23ζy3y24 = 0.
We can apply Lemma A.4 for i = 1, hence E˜q 6= 0.
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A.9.7. Type ufo(6), ζ ∈ G′4. The Weyl groupoid has eight objects.
For
ζ
◦
ζ −1
◦
ζ ζ
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y112 = λ1; y
2
2 = λ2; y
4
3 = λ7 y332 = λ3;
y13 = λ5 y443 = 0; y14 = y24 = 0; [y(13),y2]c = λ4;
[[[y(24), y3]c, y3]c, y3]c = λ6.
Here λ1λ3 = λ1λ4 = λ1λ5 = 0 = λ1λ6. If λ1 6= 0 then we apply Lemma A.4
for i = 4. Hence we assume λ1 = 0. If λ4 = 0, then we apply Lemma A.2
for (i, j) = (1, 2). If λ4 is the unique non-zero scalar, then we apply Lemma
A.4 for i = 4. The general case follows by Lemma 3.4. See ufo6a.log for
the deformation of the last relation.
For
−1
◦
ζ −1
◦
ζ −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y21 = λ1; y
2
2 = λ2; y
2
3 = λ3; [y(13),y2]c = λ4;
y443 = λ5; y13 = λ6 y14 = y24 = 0; [[y23,[y23, y(24)]c]c, y3]c = 0.
If λ5 = 0, then E˜q 6= 0 by making y4 = 0. Similarly if λ5 is the unique
nonzero scalar. The general case now follows from Lemma 3.4.
For
−1
◦
ζ ζ
◦
ζ −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y21 = λ1; y221 = λ2; y
2
3 = λ3; y223 = λ4;
y443 = λ5; y13 = λ6; y14 = y24 = 0.
If λ5λ4 6= 0, then λ1 = λ2 = λ6 = 0 and hence we can apply Lemma A.4 for
i = 1. If λ5 6= 0 and λ4 = 0, then E˜q 6= 0 by Lemma A.2 for (i, j) = (2, 3). If
λ5 = 0, then E˜q 6= 0 by Lemma A.4 for i = 4.
For
−1
◦
ζ ζ
◦
−1 −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y21 = λ1; y221 = λ2 y
2
3 = λ3; y13 = λ4;
y443 = λ5; y2223 = 0; y14 = 0 y24 = 0;
[y2,[y(24), y3]c]c =
q23q43
1 + ζ
[y23, y(24)]c + (ζ − 1)q23q24y(24)y23.
If λ5 = 0, then E˜q 6= 0 by by Lemma A.4 for i = 4. Similarly if λ5 is the
unique nonzero scalar. The general case now follows from Lemma 3.4.
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For
−1
◦
ζ −1
◦
−1 −1
◦
ζ ζ
◦ the algebra E˜q is generated by yi, i ∈ I4,
with defining relations
y21 = λ1; y
2
2 = λ2; y
2
3 = λ3; y443 = λ4;
y223 = λ5; y13 = λ6 y14 = y24 = 0; [[y12,y(13)]c, y2]c = λ7.
If λ4 = 0, then E˜q 6= 0 by by Lemma A.4 for i = 4. Similarly if λ4 is the
unique nonzero scalar. The general case now follows from Lemma 3.4.
For
ζ
◦
ζ
ζ
❅❅
❅❅
❅❅
❅❅
ζ
◦
ζ −1
◦
−1 −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y112 = λ1; y
2
2 = λ2; y
2
3 = λ3; y443 = λ4; y442 = λ5;
y223 = λ6; y14 = λ7; [y124,y2]c = λ8; y13 = 0;
y(24) − q34ζ[y24, y3]c − q23(1 + ζ)y3y24 = 0.
We analyze the cases in which we cannot project onto a case of smaller rank,
notice that, for instance, λ1λ5 6= 0 or λ1λ5 6= 0, imply that λ3 = λ4 = λ6 = 0
and we can make y3 = 0. Similarly if λ7 6= 0 or λ8 6= 0.
Finally, if λ1λ4 6= 0, then q =
 ζ −1 1 ±1ζ −1 −1 ζ
1 1 −1 ζ
±1 1 −1 ζ
 and λ5 = λ7 = λ8 = 0; we
could also have λ2λ3λ6 6= 0. In any case, E˜q 6= 0 by ufo6f.g.
For
−1
◦
ζ
ζ
❆❆
❆❆
❆❆
❆❆
−1
◦
ζ ζ
◦
−1 −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y21 = λ1; y13 = λ2 y
2
3 = λ3; y
2
4 = λ4;
y221 = λ5; y224 = λ6 y14 = λ7; y2223 = 0;
y(24) − q34ζ[y24, y3]c − q23(1 + ζ)y3y24 = 0.
Here E˜q 6= 0 as we can apply Lemma A.3 for (i, j, k) = (3, 2, 4).
For
−1
◦
ζ
ζ
❇❇
❇❇
❇❇
❇❇
−1
◦
ζ −1
◦
−1 −1
◦
the algebra E˜q is generated by yi, i ∈ I4, with
defining relations
y21 = λ1; y
2
2 = λ2; y
2
3 = λ3; y
2
4 = λ4; [y124,y2]c = λ5;
y14 = λ6; y
2
23 = λ7; y13 = λ8; [[y12,y(13)]c, y2]c = λ9;
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y(24) − q34ζ[y24, y3]c − q23(1 + ζ)y3y24 = 0.
If λ5 = 0, then E˜q 6= 0 since we can we can apply Lemma A.3 for (i, j, k) =
(4, 2, 3). Similarly if λ4 is the unique nonzero scalar. The general case now
follows from Lemma 3.4.
A.9.8. Type ufo(7), ζ ∈ G′12. The Weyl groupoid has five objects but two
of them are obtained with ζ5 instead of ζ. Hence we focus in the remaining
three cases.
For
−ζ
2
◦
−ζ3 −ζ2
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
3
2 = λ2; [y1, y122]c −
ζ10(1 + ζ)q12
1 + ζ3
y212 = 0,
with λ1λ2 = 0. This is nonzero by [A+, Lemma 5.16].
For
−ζ
2
◦
ζ −1
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [[y112, y12]c, y12]c = 0,
with λ1λ2 = 0. The last relation is undeformed in any case, see ufo(7).log.
This algebra is nonzero by [A+, Lemma 5.16].
For
−ζ3
◦
ζ −1
◦ , E˜q is generated by y1, y2 with defining relations
y41 = λ1; y
2
2 = λ2; [y112, y12]c = 0,
with λ1λ2 = 0. This is nonzero by [A+, Lemma 5.16].
A.9.9. Type ufo(8), ζ ∈ G′12. The Weyl groupoid has three objects.
For
−ζ2
◦
ζ −ζ2
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
3
2 = λ2; [y1, y122]c − (1 + ζ + ζ
2)ζ4q12y
2
12 = 0,
with λ1λ2 = 0. This algebra is nonzero by [A+, Lemma 5.16].
For
−ζ2
◦
ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [[y112, y12]c, y12]c = 0.
with λ1λ2 = 0. The last relation is undeformed in any case, see ufo8.log.
This algebra is nonzero by [A+, Lemma 5.16].
For
−ζ
◦
−ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y11112 = 0; y
2
2 = λ2; [y112, y12]c = 0.
This algebra is nonzero by [A+, Lemma 5.16].
82 ANGIONO; GARCÍA IGLESIAS
A.9.10. Type ufo(9), ζ ∈ G′24. The Weyl groupoid has four objects.
For
ζ6
◦
−ζ −ζ
4
◦ , E˜q is generated by y1, y2 with defining relations
y41 = λ1; y
3
2 = λ2; [y1, y122]c −
1 + ζ7
1 + ζ
ζ10q12y
2
12 = 0,
with λ1λ2 = 0. This algebra is nonzero by [A+, Lemma 5.16].
For
ζ6
◦
ζ ζ
◦ , E˜q is generated by y1, y2 with defining relations
y41 = λ1; y221 = 0;
[[y112, y12]c, y12]c = −λ1q
−1
21 (2ζ + ζ
8 + 2ζ17 − ζ22)y32.
See ufo9b.log and ufo9b2.log. This algebra is nonzero, as it projects onto
k〈y1|y
4
1 = λ1〉.
For
−ζ
4
◦
ζ5 −1
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [y112, [[y112, y12]c, y12]c]c − α[y112, y12]
2
c = 0,
for α = 1+ζ+ζ
6+2ζ7+ζ17
1+ζ4+ζ6+ζ11
ζ9q12. Here, λ1λ2 = 0. The last relation remains
undeformed, see ufo9c.log. This algebra is nonzero by [A+, Lemma 5.16].
For
ζ
◦
ζ
5
−1
◦ , E˜q is generated by y1, y2 with defining relations
y22 = λ1; y1111112 = 0; [y112, y12]c = 0
This algebra is nonzero by [A+, Lemma 5.16]. The last relation remains
undeformed by direct computation.
A.9.11. Type ufo(10), ζ ∈ G′20. The Weyl groupoid has four objects but two
of them are obtained with −ζ instead of ζ. Hence we focus in just two cases.
For
ζ
◦
ζ
3
−1
◦ , E˜q is generated by y1, y2 with defining relations
y22 = λ1; y11112 = 0; [[[y112, y12]c, y12]c, y12]c = 0.
This algebra is nonzero by [A+, Lemma 5.16]. The last relation remains
undeformed by ufo10a.log.
For
−ζ
2
◦
ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y51 = λ1; y
2
2 = λ2 [y1, [y112, y12]c]c +
1− ζ17
1− ζ2
q12y
2
112 = 0,
with λ1λ2 = 0. The last relation remains undeformed, see ufo10c.log, and
thus this algebra is nonzero by [A+, Lemma 5.16].
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A.9.12. Type ufo(11), ζ ∈ G′15. The Weyl groupoid has four objects.
For
−ζ
◦
−ζ
3
ζ5
◦ , E˜q is generated by y1, y2 with defining relations
y32 = λ2; y11112 = 0; [[y112, y12]c, y12]c = 0; [y1, y122]c + αy
2
12 = 0,
for α = 1+ζ
13
1+ζ12
ζ10q12. This algebra is nonzero by [A+, Lemma 5.16]. The
third relation is undeformed by ufo11a1.log. We recall that the fourth one
is primitive in T (V ).
For
ζ3
◦
−ζ4 −ζ
4
◦ , E˜q is generated by y1, y2 with defining relations
[y1, [y112, y12]c]c =
1− ζ2
1 + ζ7
ζ9q12y
2
112; y
5
1 = λ1; y221 = 0;
[[[y112, y12]c, y12]c, y12]c = λ1q21(ζ + ζ
4 + 3ζ8 + 4ζ13 − 3ζ14)y42 ,
See ufo11b.log for the rule of deformation of the bottom quantum Serre
relation. This algebra is nonzero as it projects onto k〈y1|y
5
1 = λ1〉.
For
ζ5
◦
−ζ
2
−1
◦ , E˜q is generated by y1, y2 with defining relations
y31 = λ1; y
2
2 = λ2; [[[y112, y12]c, y12]c, y12]c = 0,
with λ1λ2 = 0. The third relation is undeformed by ufo11c.log and thus
this algebra is nonzero by [A+, Lemma 5.16].
For
ζ3
◦
−ζ2 −1
◦ , E˜q is generated by y1, y2 with defining relations
y51 = λ1; y
2
2 = λ2; [y112, y12]c = 0; [[y1112, y112]c, y112]c = 0,
λ1λ2 = 0. The third relation is undeformed by direct computation. As for
the fourth, see ufo11d.log. Then this algebra is nonzero [A+, Lemma 5.16].
A.9.13. Type ufo(12), ζ ∈ G′7. The Weyl groupoid has two objects.
For
−ζ
◦
−ζ
3
−1
◦ , E˜q is generated by y1, y2 with defining relations
y11112 = 0; y
2
2 = λ2; [y112, [[y112, y12]c, y12]c]c − α[y112, y12]
2
c = 0,
for α = −q12
−ζ+3ζ2+3ζ3−ζ4+3ζ6
−2ζ+2ζ3−ζ5+ζ6 . By ufo12a.log, the last relation is unde-
formed. The algebra is nonzero as it projects onto k〈y22|y
2
2 = λ2〉.
For
−ζ
2
◦
−ζ3 −1
◦ , E˜q is generated by y1, y2 with defining relations
y1111112 = 0; y
2
2 = λ2; [y1, [y112, y12]c]c + q12
1 + ζ4
1− ζ2
y2112 = 0.
The last relation is undeformed by direct computation. The algebra is
nonzero as it projects onto k〈y22 |y
2
2 = λ2〉.
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